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INTRODUCTION

LET f(2) be a function meromorphic (i.e. regular except for poles) and
not constant in the complex plane. For any complex a, including oo,
we denote by n(r,a) = n(r, a,f) the number of roots, with due count of
multiplicity, of the equation f(z) = @ in |z] <7 and by n(r,c0) the
number of poles of f(z) in [z] << r. We write

N, a) J‘ [n(t,a)—n(0, a)]dt

+n(0, a)log r.

In this book we are concerned with the distribution of the roots of the
_equation f(z) = a for different values of @ and functions f(z) and in
particular with the relative rates of growth of N(r,a) as a varies over
the complex plane.
The basic result here is the existence of the characteristic function
T'(r,f) such that, for every a,

T(r,f) = N(r,a +m(r a)+0(1) (0.1)

as r — 0o, where m(r,a) > 0. This is the first fundamental theorem of
Nevanlinna (Theorem 1.2). It provides an upper bound to the number
of roots of the equation f(z) = a, valid for all r and a.

The first chapter of the book starts from the first fundamental
theorem and develops the basic properties of meromorphic functions
as related to their characteristic function. It is shown that 7'(r,f)is an
increasing convex function of logr and consequently tends to infinity
with » (Theorem 1.3). A modified form Ti(r,f) of the characteristic
function due to Ahlfors and Shimizu is introduced which permits a more
elegant formulation of (0.1) in the form of an identity

o(r,f) = N(r,a)+my(r, a)
valid for all a. On the whole Ty(r,f) and T(r,f) can be used inter-
changeably but sometimes one or other has advantages. Their difference
remains bounded as r — co.

The order p of a function f(z) is the lower bound of all positive num-

bers k such that T(r,f) = O(r¥), asr—>c0.

If no such number % exists, f(z) is said to have infinite order. In
Theorems 1.9 and 1.11 it is shown that functions of finite order can
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be uniquely represented as an infinite product in terms of their zeros
and poles apart from a factor of the form ¢P®, where P(z) is a polynomial.

The first fundamental theorem (0.1) gave us an upper bound for
N(r,a) and so the number of roots of the equation f(z) = a. The more
difficult question of lower bounds is investigated in Chapter 2. The
basic result is Nevanlinna’s second fundamental theorem 2.1, which
asserts that for ¢ > 3 distinct values a,, a,,..., ¢, we have

3 mr.a,) < 270.1)— M +80.), (0.2)

where N,(r) is a positive term concerned with multiple roots of the
equation f(z) = a and S(r,f) plays in general the role of a rather un-
important error term (Theorem 2.2). However, the main difficulty in
the proof of the second fundamental theorem lies in the estimation of
S(r,f). We deduce immediately Picard’s famous theorem that f(z)
must assume all values in the complex plane with at most two excep-
tions, since if f(2) # a, (v = 1,2, 3) we should have N(r,a,) = 0 and
so m(r,a,) = T(r,f)+0(1) (v = 1,2,3). This would contradict (0.2).

However, the second fundamental theorem permits a significant ex-
tension of Picard’s theorem. It shows that in general the term m(r, a)
is small compared with T'(r,f) and so N(r,a) comes near to 7'(r,f), the
maximum possible growth allowed by the first fundamental theorem.
More precisely, we define the deficiency ,

_yomr,a) . 75— N(r,a)
(@) =10 e = ' R Ty
We may regard 8(a,f) loosely as the proportion by which the number
of roots of the equation f(z) = a is less than the maximum permitted
number. With this definition we have as an easy consequence of (0.2)
the deficiency relation (Theorem 2.4). This states that the set of deficient
values, i.e. for which 8(a) > 0, is countable and that
2 8() <2, (0.3)
where the sum is taken over all deficient values. This result still holds
if multiple roots of f(z) = a are counted only once in the definitions of
n(r,a), N(r,a) and 8(a,f).

Chapter 2 closes with some examples on and applications of the
second fundamental theorem and the deficiency relation. We show that
if f(z) is meromorphic (regular) in the plane, the equation f(z) = a has
some simple roots except for at most four (two) values of a. The Weier-
strass function p(z) with a = oo, e,, €,, e, and cosz with a = F1 show
that four and two cannot be replaced by smaller numbers. It is also




INTRODUCTION xi

shown that if two functions f,(z), f,(z) assume 5 distinct values at the
same points in the complex plane, then they are identical (Theorem 2.6).
The functions e, e-%, which have no zeros and poles and take the values
F1 at the same points, show that 5 cannot be replaced by 4. These
results are due to R. Nevanlinna, as is most of the preceding theory.
We also prove a result of I. N. Baker which shows that if f(z) is an
integral function not of the form az+4b, then for every integer n with
at most one exception there exist eycles of n distinet points z,, z,, 2,,...,
z, = 2y, such that f(z,) = 2,.,, p = 0 to n—1 (Theorem 2.7). The
polynomial f(z) = 22— 2z has no such cycle for » = 2 and so shows
that the exceptional integer can actually occur.

Chapters 1 and 2 are concerned with the basic fundamentals of
Nevanlinna theory and provide a convenient introduction for those

not wishing to carry the subject further. In Chapters 3 and 4 we
consider more recent developments.

In Chapter 3 we discuss the problem of the extent to which the
equations f®(z) = a have roots for different values of a and I. For this
problem the first and second fundamental  theorems provide very
powerful tools. Some basic results are the following.

(i) A derivative f®(z) of a meromorphic function f(z) assumes all
finite complex values with at most one exception, (Theorem 3.4). On
the other hand, f(z) = tanz ;é Fi, so that f itself may have two
exceptional values which are not assumed.

(ii) Iff(z) # a for some finite a, then fO(z assumes every finite value
except possibly zero (Theorem 3.5). .

(iii) Iff(z) has at most a finite number of poles and f(z) # a, for some
finite a, then for I > 2, f®(z) assumes every finite value, except when
f(z)—a = e4*+Bor f(z)—a = (Az+ B)~™ for some positive integer n, and
constants 4, B. ,

If f(z) = exp[ [ 9 dz], where g(z) is any integral function, we have
f(z) #£ 0, f'(z) # 0, so that (iii) is false for I'= 1. On the other hand,
it is not known whether the restriction on the poles can be removed
in (iii). The above results due to Y. Tumura, J. G. Clunie and the
author are based also on earlier work of H. Milloux.

In Chapter 4 we are mainly concerned with the question of whether
any more than the deficiéncy relation (0.3) can be said about the
deficiencies of a function f(z) meromorphic in the plane. For integral
functions we have 8(c0) = 1 and so (0.3) gives

2 3a.f) <

a# ©
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We show by examples that at least for integral funections of infinite
order arbitrary deficiencies subject to this relation may occur (Theorem
4.1). The corresponding problem of constructing general meromorphic
functions with arbitrary deficiencies subject only to (0.3) remains open
except in special cases.

We next show that for meromorphic functions of finite order p the
deficiencies are subject to inequalities of the form

> 8a,f)* < A(a, p),

where o is any number such that « > } and A(a,p) depends only on
« and p. We show by examples that > 8(a,f)* need not converge for
any o < 4. The case a = } remains open (Theorems 4.2 and 4.4). The
above results are due to W. H. J. Fuchs and the author. Following
R. Nevanlinna and A. Pfluger we then show that for integral functions
of finite order p equality is possible in (0.3) only if o is a positive integer
(Theorem 4.7). Some further refinements are stated without proof. It
is not known whether an analogous result holds for meromorphic func-
tions of finite order, except that in this case p may certainly be an odd
multiple of §.

We next develop a recent result of A. Edrei and W. H. J. Fuchs
giving the complete restrictions on a pair of deficiencies §(a,f) and
8(b,f) when f(z) is a meromorphic function of order p, where 0 <p <1
(Theorem 4.10). The method uses essentially a result of A. A. Gol’dberg
(Theorem 4.9) which shows that it is enough to consider functions with
positive zeros and negative poles. Gol’dberg was also the first to con-
struct meromorphic functions with infinitely many deficient values and
his ideas underlie most of the examples quoted above. The rest of
Chapter 4 is concerned with applications and refinements of Theorem
4.10. The last result due to Teichmiiller and Gol’dberg states that if
a meromorphic function f(z) of order p < } satisfies

8(a,f) > 1—cosmp
for some value a, then there exists a sequence r, — -0, such that
fz)—>a,

uniformly as |z| =00 through the sequence of cireles |z| = r,,. It follows in
particular that f(z) has no deficient values other than a (Theorem 4.15).

Many, if not most, of the results of Chapters 3 and 4 have been obtained
only in the last decade and have not previously appeared in book form.
Some are new and others, such as the fundamental results of Gol’ dberg,
are not easily accessible to the western reader.

‘



INTRODUCTION ' xii

The first four chapters of this book are concerned with what is usually
called Nevanlinna theory. In Chapter 5 we develop a theory due to
Ahlfors which is in many ways parallel to that of Nevanlinna. If f(z)
is meromorphic in |z| < r we denote by

wS(r) = mS(r.f) = 1 Ty, )

the area, with due count of multiplicity, of the image of |z| < r under
the mapping from the z-plane onto the Riemann sphere of unit diameter
induced by w = f(z). If D is a fixed domain of the Riemann sphere
and I(r, D) denotes the area of that part of the image which lies above
D and I(D) the area of D, we define S(r,D) = I(r, D)/I,(D). Then

Ahlfors’s first fundamental theorem states that
|8(r)—8(r, D)| < hy Lir), (0.4)

where L(r) denotes the length of the image of |z| = » under the map
by w = f(z) onto the Riemann sphere (Theorem 5.2). The constant &,
depends only on the domain D.

Next if A is a subdomain of {z| < r which is mapped in a (p, 1) manner
by w = f(z) onto D then A is said to be an island over D of multi-
plicity p. Clearly each such island contributes just p to the quantity
S(r,D). Let #(r,D) be the total number of distinct islands over D
(without count of multiplicity). Then Ahifors’s second fundamental
theorem states that, for ¢ domains D;, lying on the sphere, which are
simply connected and whose closures are disjoint, we have

3 1801, D] < 28(r)+hy Lir) (0.5)

(Theorem 5.5). Here h, depends only on the domains D;. The inequali-
ties (0.4), (0.5) become significant if f(z) is meromorphic in a circle
|z] < R and if there exists a sequence » = r,, — R, such that

L(r,)
Str) - 0.

This happens if R = oo and f(z) is not constant or if R is finite and

@ (R—7)8(r) = +o0

(Theorem 5.4). In this case L(r) plays in (0.4) and (0.5) a similar role
to the error term S(r,f) occurring in (0.2). Suppose for instance that
in this case f(z) has no islands of multiplicity one over five distinct
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domains D;. Then each island over D; contributes at least two to -
8(r, D;) and so it follows from (0.4) that
i(r, D;) < 8(r, D) < 38(+O(L(r)} (0 <r< R).
On combining this with (0.5) we obtain
38(r) < RL(r) (0 <r < R)

giving a contradiction. Thus f(z) possesses an island of multiplicity one
over at least one of 5 domains D; (Theorem 5.6). This is Ahlfors’s
famous five-islands Theorem. The number 5 is again best possible as is
shown by Weierstrass’s funetion g(z). For this function the equations
©(2) = €,,€,,€5,00 have no simple roots and so g(z) possesses no island
of multiplicity one over any domain containing the images of one of
these four points on the Riemann sphere. A corresponding three-
islands theorem holds for integral functions.

The arguments needed to prove the above theorems are almost
entirely of a geometric and topological character and it has been neces-
sary to take for granted some results from the topology of surfaces.
The conclusions of Ahlfors’s theory are so striking that the reader will
be prepared to master the somewhat complicated and lengthy proofs.

Many of the results in the first five chapters apply also to functions
f(z) meromorphic in a finite disk |2| < R, provided that T'(r,f) grows
sufficiently rapidly as r - R. In the last chapter of this book we con-
sider results for functions in the unit disk, which either have no
analogues or only trivial analogues for functions in the plane. We
develop the theory of normal families of functions in the unit disk
and show that Ahlfors’s results developed in Chapter 5 together with
a basic theorem of Dufresnoy (Theorem 6.1) lead to very general suffi-
cient conditions for a family of functions to be normal in |z| << 1. Thus
the family & of functions f(z), possessing no simple islands over five
assigned domains whose closures are disjoint, is normal. For such
functions f(z) there are restrictions on the growth of 7'(r,f), and if f(z)
isregular, on the maximum modulus M(r,f) = I[E[if |f(z) |, and these are

investigated. As special cases we obtain classical theorems of Schottky,
Landau, Bloch, and Bohr. In the last part of the chapter we develop
Nevanlinna’s representation of functions f(z) having bounded charac-
teristic in the unit circle as the ratio of two bounded functions (Theorem
6.11) and deduce the existence almost everywhere on |z| = 1 of radial
and angular limits of f(z) (Theorem 6.12) and the classical integral
representation of f(z) (Theorem 6.13). '
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THE ELEMENTARY THEORY

1.0. Introduction

IT was shown by Weierstrass [1] that every integral function can be
expressed as an infinite product in terms of its zeros. Hadamard [1]
showed that if the order of the function, as defined by the rate of growth
of its maximum modulus, is finite, this expression is ‘almost’ unique.
In discussing meromorphic functions f(z) we can no longer use the
maximum modulus as a convenient tool for expressing the rate of
growth of the function. Instead we use Nevanlinna’s characteristic
T(r,f). In the course of the book it is hoped to show the tremendous
gain in elegance, clarity, and depth which results from this basic con-
cept, even in the special case of integral functions. In the present chapter
we shall introduce the characteristic in the form due to Ahlfors [1] and
Shimizu [1] as well as R. Nevanlinna [1, 3]. We shall discuss the funda-
mental properties of these notions and develop the product expansions
of functions meromorphic in the plane.

1.1. The Poisson-Jensen formula .
In what follows a big role will be played by the following identity:T

THEOREM 1.1. Suppose that f(z) is meromorphic in
Izl <R (0< R <)
and that a, (u = 1 to M) are the zeros and b, (v = 1 to N) the poles of
f(z) in |z2| < R. Then if z=re® (0 <r < R) and if f(z) # 0, 00, we have

2w
. R2—p2
log|f2)| = 5 [ 1oBl (Bl gz dd +
0

1 v)‘
Zl og (1.1)

The case when there are no zeros or poles is usually called Poisson’s
[1] formula. The case when z = 0.is called Jensen’s [1] formula.

R(z-——a#)
R*—a,z

+ This and other results of Chapters 1 and 2 are due to R. Nevanlinna [1] in their present
form, unless the contrary is explicitly stated.

8563503 B



2 THE ELEMENTARY THEORY 1.1

Proof. Case (i). Suppose first that f(z) has no zeros or poles. in
|2 < R. Then A

log f(2) = log f(0 f F@)
g f(2) g f( )+0 7O
is regular in |z| << R. Thus by Cauchy’s theorem of residues

log /(0) =5 [ log £z >—=—flogf (Re) d4.
lel=R ]
Taking real parts we obtain the result when z = 0. In the general case
we use a map of |{| < R onto |w| < 150 as to send { =z to w = 0.
Put R({—2) '
R2—30°
so that |{| = R corresponds to |[w| = 1. Thuson |{| = R

w =

dlogw = idargw,
so that dw/w is purely imaginary and we have
dw _ d¢ - zal _ (B—[2|)dl
W [~z B3 (B2—25)({—2)
Since logf(z) is regular in |2| < R, Ca,uchy 8 theorem of residues gives
log f(2) = ~f og f(2) RLW di) (1.2)
where the integral is taken around |{| = R. Also on ]{[ = R, { = Rei$,
d{ = iRe*$d¢, and
(R—2)({—2) = R(R—re'¢-0)(Reié—ret)
= Re*{R2*—2Rrcos(¢—0)+r2}.

Thus we obtain

o6 = | 108084 g 2‘R,;§29d"‘¢ e (3)

which gives the result on taking real parts

Case (ii). Suppose next that f({) has a finite number of zeros and
poles on |{| = R, but none in |{| < R. In this case we obtain (1.2) if
the integral is taken around the boundary C(8) of the domain D(3)
consisting of all points of |z| < R distant more than § from a pole or
zero of f({). For small 8, C(8) consists of ‘arcs of |{| = R together with
small circular ares or indentations of radius 8 centred on the zeros and
poles of f({) on |{| = R. Since the total length of these indentations
is O(8) and the integrand is O(log 1/8) uniformly on the indentations,
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their total contribution to the integral in (1.2) tends to zero with §,
and by making 8 — 0 we obtain (1.3) and hence (1.1) even in this case.
Case (iii). In the general case and with the notation of Theorem 1.1

et WO = £ {R(Z 2/ Hii‘f_‘a“é}- -4

Then () % 0, oo in [{] < R and so we may apply Theorem 1.1 to
P(). Also if { = Re®, |a| < R,

R({—a)| _|Ret—a R—ae—i$|
R —g¢| ™ |R—ae| . R—ae$|
Thus |#({)] = |f({)| on |{| = R, and the application of (1.1) to ()
instead of f({) yields

2
1 ; (R*—r%)d¢
1 = i .
oglV(e) = 5 [ logl S (Ret)| gt h T
Using (1.4) we obtain Theorem 1.1 in the general case.

As an important special case take z = 0 in Theorem 1.1. We obtain
Jensen’s formula

' N
L " 021§ 1o
log| £(0)] f log| £ (Rei#)| d+ z log %! Z tlogl2l (15)
provided that f(0) ;é 0, c0. Suppose next that f(z) has a zero of order A
or a pole of order —A at z = 0 so that '
f(Z) = 6,\2)‘+... .
Then yi(z) = R(2)/2 is regular, non-zero at z = 0, and has the same

modulus on |z] = R as f(z) and the same zeros and poles except z = 0.
Also §(0) = R"c,\ Hence

logjey| = — f log| f (Re#)| dgp+ z log—%- ia"l z log —Alog R.
p=1
: (1.5a)
This tiresome modification is one of the minor irritations of the theory.
In general we shall tacitly assume that our functions behave in such
a way that the terms in (1.5) do not become infinite in our use of (1. 5)

knowing that the exceptional cases can be treated.

1.2. The characteristic function

Following Nevanlinna we proceed to rewrite Jensen’s formula. We

define: log*x = logz, ifz > 1,

logtx = 0, ifo<e<.
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Clearly if z > 0, logz = log+x—log+1/z. Thus

-—flog]f (Reid) ]d¢_—flog+]f (Reid) ld¢>——flog 1¢)’d¢
We write m(R, f) = 2i f log*| f(Re'#)| d. (1.8)
™
0
Next let 7y, 7,,..., ry be the moduli of the poles by, b,,..., by of f(z) in
|z| < R. Then
N N B
R R
leogb—v._z -r-v flog dn(t)
y= v=1 0

where n(t) is number of poles in |z| < . On integrating by parts we

obtain
S g E i f o dio%) = f iy
Z { &% o gf' —0 t’

We write n(t, f) for the number of poles of f(z) in |z| < ¢, poles of order
p being counted p times, and

g Bz |- f ntt, %, (1.7)
X R e
N(R,f—) =;loga_F =!n(t,?) e (1.8)

With £his notation (1.5) becomes
log|f(0)| = m(R,f)—m(R,1/f)+N(R,f)—N(R,1/f),
or m(R,f)+N(R,f) = m(R,1/f)+DN(R,1/f)+1og|f(0)

We now write T(R,f) = m(R,f)+N(R,f). (1.9)
Then Jensen’s formula becomes simply
T(R,f) = T(R,1[f)+1og|f(0)|. (1.10)

The term m(R,f) is a sort of averaged magnitude of log{f| on arcs of
|z] = R where |f| is large. The term N(R,f) relates to the poles. The
function T(R,f) is called. the characteristic function of f(z) (R. Nevan-
linna [1]). It plays a cardinal role in the whole theory of meromorphic
functions.
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We proceed to develop some simple properties. We note that if a,,...,
a, are any complex numbers then

log+l ;li[l a,

D
< logt(p max |a,[) < 3 log*|a,|+-logp.

1yee0,0

D
< 2110g+|a,l,

and log+l % a,
v=1

By .applying these inequalities to » meromorphic functions f,(z),..., f,(2)
and using (1.6) we obtain at once

mr, ffv } m{rfv (2)}+log p,

mfr, 11 @) < E mir, £,

Evidently if f(z) is the sum or product of the functions f,(z), then the
order of a pole of f(z) at a point z, is at most equal to the sum of the
orders of the poles of the f,(z) at z,. Thus we deduce

Nr, $1,0) < 3 N @),
N(r. 11 £,0)) < 3 Mo f )

Using (1.9) we deduce
7{r, § £40) < $ T @) +logo,

Tfr, ﬁf, @) <5 T

\ In particular taking p = 2, fi(z) = f(2), fo(2) = a = constant, we de-
duce T'(r,f+a) < T(r,f)+log+|a|+log 2 and since we may replace f+-a, f
by f, f—a and a by —a, we deduce

|T(r,f)—T(r,f—a)| < log*|a|+log2. (1.11)
1.3. The first fundamental theorem
We can now prove Nevanlinna’s first fundamental theorem.

THEOREM 1.2. If a is any complex number then

m(R, f:‘;) +N(R, f_—l_;) — T(R, f)—log|f(0)—a|+<(a, B),

where |e(a, R)| < log+|a|+log 2.
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In fact (1.9) and (1.10) yield

( f—)+N( f_l) T(R,J.,-_l__a)=T(R, F—a)—log|f(0)—al.

Using (1.11) we obtain our result.

If there is no doubt as to which function f(z) is referred to, it is
frequently convenient to write m(R, a), N(R,a), n(R,a), T(R) instead
of m{R,1/(f—a)}, N{R, 1/(f—a)}, n{R,1/(f—a)}, T(R,f) if a is finite,
and m(R, o), N(R, o), n(R, ) instead of m(R,f), N(R,f), n(R,f).

If we allow R to vary, the first fundamental theorem can then be
written simply as

m(R,a)+N(R,a) = T(R)+0(1)

for every a, finite or infinite. The term m(R, a) refers to the average
smallness in a certain sense of f—a, on the circle |z] = R, the term
N(R,a) to the number of roots of the equation f(z) = a in |z| < R.
For any a the sum of these two terms is the same apart from a bounded
term. However, we shall see in the next chapter that in general it is
the term N which predominates. '

Ezamples. (i) Let

R +ap
fo) ==t R
be a rational function. Suppose first » > ¢. Then f(z) >0 as z—> 00

so that m(r,a) = 0 for » > r,, when a is finite. The equation f(z) = a
has p roots so that n(¢, a) =p (¢ >t,), and so

where ¢ #~ 0,

N(r,a) = f n(t,a)%E = plogr+0(1) asr—>oo.

0
Thus as 7 - o0, ‘ T(r,f) = plogr+0(1),

and , ;
N(r,a) = plogz+0(1), m(r,a) = O(1), for a £ oco.

Similarly, if p < g,
T(r,f) = qlogr+0(1),

N(r,a) = qlogr+0(1), m(r,a) = O(1), for a 5= 0.

Finally, if p = g,
T(r,f) = qlogr+0(1),

N(r,a) = qlogr+-0(1), m(r,a) = O(1), fora # ¢
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Putting these results together we see that in all cases
T(r,f) = dlogr+0(1),
N(r,a) = dlogr+0(1), m(r,a) = O(1) if @ # f(o0
where d = max(p,q).

Thus in this case m(r,a) is bounded as r - co except for one value
of a, namely f(c0). If the equation f(z) = a has a root of multiplicity «
at o0 where 0 << « < d, then

m(r,a) = alogr-+0(1), N(r,a) = (d—a)logr+0(1).

(ii) Let f(z) = e* = ercosf+irsinf for z — peif, Then

im
m(r,f)::—;; f70080d0=7'/17, N(r,f) =0,
_*ﬂ-
so that T(r,f) = m(r,00)+N(r,0) = r[n.
In this case m(r, 0) = r[=, N(r,0) = 0.

If a # 0, o0, and 2, is a root of the equation e* = a, we see that all
other roots are of the form z,-+2kni, where k is an integer. From this
we see that n(t, @), the number of roots of f(z) = a in |z| < ¢, satisfies
n(t, @) = (¢/m)+0(1),

so that :

N(r,a) = (r/m)+O(logr), m(r,a) = O(logr) (a #-0,0).
A more delicate analysis will show that if @ 54,0, oo, we have in fact
m(r,a) = O(1), so that N(r,a) = (r/m)+O(1).

It is an open question whether for an integral function of finite order p
there can be more than a finite number of values of a for which
m(r, @) > 0.1 A. A. Goldberg [2, 4] has recently constructed examples
of meromorphic functlons of finite order for whlch m(r,a) - oo and in

fact m{r, @)

i
,. )
for infinitely many a and in fact any pre-assigned sequence of values a.
(m) Show that if P(z) = az”+-... is a polynomial and f(z) = e?®, then

>0

T(r.f) ~ 2 lal (r o).
(iv) Show that if f(z) = e, then']' |
T(r,f) N-(_é;f_w

t See Chapter 4, Lemma 4.3.
1 Examples of this have now been given by Arakeljan[1]

(r - o0).
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(v) Show that if f(2) is meromorphic in |z| < R, and

af+b

9(z) = P

where a, b, ¢, d are constants such that ad—bc # 0, and if f(0) 5 o,
g(0) £ oo, then

T(r.f) = T(r,9)+0(1) (0 <r < R).
[Set

fo=Ff, fi=ftdle, fi=cfi, fi=1lfp fu= ____(bc—ad)fa’

. 9 =Js = fatalc,
if ¢ # 0 and show that
T(r!fv+1) = T(T,f,)+0(1) ('V = 0 to 4)‘] .

1.4. Cartan’s identity and convexity theorems
We proceed to prove an interesting identity due to H. Cartan [1].
THEOREM 1.3. Suppose that f(z) is meromorphic in |z2| < R. Then

T(rf) = - f N, ) d0-+1og 1f(0)] (0 <7 < ).

CoroLLARY 1.} The Nevanlinna characteristic, T(r,f), is an increasing
convex function of logr for 0 < r < R.

COROLLARY 2. We have in all cases
— f m(r, ) df < log 2.
We note tha,t from Jensen’s formula (1. 5) a.pphed with f(z) =a—z
andR=1 . . : ‘
k%filogla—ewld(? = logla| if |a| >1

= logla]—logla] =0 ifle| <1
Thus in all cases

1 f log|a—e| 46 — log+|a| (1.12)
Now (1.5) applied to f(z)-—-e’o gives

log|f( 0>—e“’1 = f log|f(re)—e| dp-+-N(r, oo)—N(r eit).

t This was originally proved by R. Nevanlinna [1] by e.nother method.
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We integrate both sides with respect to § and change the order of
integration in the resulting double integral on the right-hand side.
This is permissible since the double integral is absolutely convergent.
Using (1.12) we deduce

27

2
log1f(0)] = 5 [ log*|f(re)| dg-+ N(r,c0)— 5 [ Nr, e
0

0

and this gives Theorem 1.3. Since N(r,e) is evidently an increasing
convex function of logr, we deduce at once that 7'(r,f) has the same
property. In fact we have in general

27
d _ 1 0
rﬂr(r’f) = %f n(r, %) d6.
0

This proves Corollary 1. Next we have from Theorem 1.2 that
T(r,f) = m(r,e?)+N(r, e®)+log| f(0)—e®|4-G(6),

where |G(6)| < log2. We integrate both sides with respect to 6 and
use the Theorem 1.3 and (1.12). We obtain

2
T(rf) = 5 [ mir, o) d0+T(r, £ )—1og | (0)] +log*1/(0)|+
(1} 2
+L f &(6) db.
. 2m
2w 2w 04
Thus .2.1_ f m(r, ) df = _él f 6(6)d6 < log2. —
v v
0 0

This proves Corollary 2. The result shows that m(r,a) is bounded in
the average on the circle |a| = 1 and a corresponding result holds on
any other circle.t, Thus if 7'(r,f) is large, m(r, ) is bounded and N(r, a)
is nearly equal to 7'(r) for ‘most’ @ in a certain sense.

It is evident that N(r, a) is a convex increasing function of logr and so
is T(r,f) by Theorem 1.3. On the other hand m(r,a) need be neither
increasing nor convex in general. Consider, for example, f(2) = z/(1—22).
Then [f(z)] < 1 for |z] < 4, and |z| > 2, so that m(r,f) = 0 for r < }
or r > 2. On the other hand, f(F1) = oo, so that m(1,f) > 0.

1 Frostman [1] showed that a corresponding result holds when a circle is replaced

by any set of positive .capacity. Ahlfors [2] showed that m(r,a) = O{T(r)}+<4+0(1)
outside such a set. See also R. Nevanlinna [3, pp. 260-4]. .
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1.5. The Ahlfors-Shimizu characteristic

We now come to a second formulation of the first fundamental
theorem, due to Ahlfors [1] and Shimizu [1]. Before we can do this
we need the following identity:t

Levma 1.1. Suppose that D is a bounded domain bounded by a finite
system of closed analytic curves y, that f(z) is regular in D and on y and
that G(R) s twice continuously differentiable on the set of values R as-
sumed by |f(2)| in D and y. Then

fawg ds = ff (1f(re)])1 £ (re®) e drde

¥
where g(R) = G"(R)4-(1/R)G'(R), s denotes arc length along y and d/on
differentiation along the normal to y out of D.

We have by Green’s formula]
fﬁﬂﬂ@=ffwwummw
on
D

Y
To evaluate V2G(|f |), suppose first that f(z) # 0in D. Then v = log|f|
is harmonic in D, and we put
[fl=e,  GQ(f) = G(e)
4 Ul TAdPY) »
%G’(e) eG(e)ax

OVa(er) = feaen)+era @) Z) yeaen 22
ox o ox 2’
AY V) — [p20(}"( oV TAY P o v (Y o™
(5) o) = e reaen(Z) +eve 2.
Adding, and using the fact that v is harmonie, we obtain
VG (e¥) = {2 Q" (e¥)+-€G" (e”)}{(av) +(§;) }
Writing again ¢? = R = |f(2)|, and noting that

BB i~ -

"R’
: 7. N 1 / '
vigle) = (€' (B + 3, 0 (R)}lf @

dzg
we deduce that

1 Spencer [1]. The present proof is due to Flett [1].
"} For a proof of this in the present simple case see, for example, Hayman [4], chap-
ter 4.
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The result now follows. If f(2) has zeros in D, we exclude them by
small circles, over which the contribution of f (0G/om) ds is negligible
since by hypothesis 9G(R)/dR is bounded near R = 0.

We apply Lemma 1.1 with

2
T+
Let f(z) be meromorphic in |z| < r, and suppose that f(z) has no poles

on |z| = r. We exclude poles b, of multiplicity %, in |z| < r by small
circles of radius p. On such a circle

&(R) =logJ1+R?», g(B)=

\f(b,+pei?)| ~ 22,
P
log {1+ |f(b, +pei#) |3} = kvlog’*l)'F 0(1),

2 Log 1+ 18, pe )Y = B 00,

Hence a pole of multiplicity %, gives rise to a term 2xk,. Thus we
obtain

1,0 2
L r— f log J{1+|f(re®) |2} d0+-n(r,f) = f l—_——{l—{f—)e]f ’waodf;‘;f

We denote the right-hand side by A(r), divide by r and integrate the
resulting identity from 0 to . This yields

fA02_ v, s +——f10g¢{1+rf (1% A0—Tog {1+ OV

0

(1.13)
We now make a transformation ‘ —
W = 1o (L14)
w—a

where w = f(z), and denote the resulting function by W = F(z). Set
1 |1+aw J{lw—a|2+|1+dw|2}
k(w,a) | w—a '

lw—al

_ 1+ laP)+ e}

[w—al
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so that
|w—a]

(1+lal?) (1+le )

k(a, 00) = k(c0, a)

k(w,a) = (w, a both finite),
«/(1+ jal?)’
Clearly k(w,a) < 1 always. Again

aw _ _ (1+|a*) dw

Az (w—a)® dz’
so that
1 _(lal) p, peldw] 1w
1+ |Wp dz |lw—al? dz| = 14 |wl?|dz]|
Thus

1 [ g 1 [ . [ F(ee®)] do
Am:?fpdp I_f_Be__'___ fpdp [F(pe®)* df

(I+If )2 ";0 (1+|FP2)2

T()(r) = f é(!'tw’

We write

o7 @) = f 8 e
and apply (1.13) to F(z). Clearly

N(r: F(Z)) = N(r’jﬂl:c—z) = N(r: a’),

since f(z)—a has a zero of order p at a pole of F(2) of order p. Thus
we obtain the first fundamental theorem in the form of Ahlfors and
Shimizu.

TrEOREM 1.4. Suppose that f(z) is meromorphic in |z| < R, where
0 < R < . Then we have for every a, finite or infinite, and 0 < r < R

7 = [ 20 = N a+mofr, ) —mif0,0),

provided f(0) # a.
We note that
log*|f| < log4/(1+]f *) < log*|f|+4log 2.
Thus m(r, 00) < My(r, 00) < m(r,o0)+}log2.
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Hence, by (1.13),

|T(r)—T(r)—log*| f(0)]| < }log2.
Thus 7'(r) and 7,(r) differ by a bounded term and this means that in
most applications they can be used interchangeably. If confusion is
likely 7y(r) will be called the Ahlfors-Shimizu characteristic and 7'(r)
the Nevanlinna characteristic.

1.5.1. Theorem 1.4 possesses an interesting geometric interpretation.
Let S be the Riemann sphere, a sphere of unit diameter lying on the
complex plane and touching the plane at the origin O. Let N be the
other end of the diameter of § through O. Then to any point z in the

. plane there corresponds a unique point P on the sphere such that NPz
is a straight line and z = oo corresponds to N. By means of this corre-
spondence we may identify the complex plane with the Riemann sphere.
It is not difficult to see that if z,, z, are two points in the complex
plane, then k(z,,2,) is precisely the length of the chord or chordal
distance between the corresponding points P,, P, on the Riemann sphere.
Also if do is an element of area in the z plane near a point z and d4
the corresponding element of area on the sphere, then

do

4= (142
Thus 7A(r) is precisely the area with due regard to multiplicity of the
image on the Riemann sphere of |z] < r by w = f(z). Using these
geometrical ideas we obtain another deduction of Theorem 1.4 from
(1.13) since we may rotate the Riemann sphere (in fact the transforma-
tions (1.14) correspond to such rotations on the Riemann sphere) so
that N goes to the point corresponding to w = a. Such a rotation
leaves A(r) invariant and replaces m(r, 00), N(r, ) by m(r, a), N(r, a).

1.6. An application: average and maximum of »(r, a) -
For functions f(z) meromorphic and not constant in the plane, Zy(r, f)
is evidently a positive, convex, and strictly increasing function of logr,
and hence Ti(r,f) - co with ». For a fixed a, Theorem (1.2) shows that
N(r,a) < Ty(r)+0(1) asr—>oo,
and hence n(r,a) < A(r)+o(l) (1.15)
for a sequence of r - co. Since

area of image of |z| < r on Riemann sphere

Alr) area of Riemann sphere
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we may interpret A(r) as being the average number of times points on
the Riemann sphere are covered by the image of |z| < r by f(z), or
again as the average number of roots in |z| < r of the equation f(z) = a
for varying a. Then the equation (1.15) shows that for every fixed
a = a, the number of roots of the equation f(z) = a, in |z| < r is for
a sequence of » — co not much larger than the average number of roots
of this equation for all a.

One drawback of this result is that the corresponding sequence of r
depends on a. It is reasonable to ask whether we can find a sequence
of r independent of a, or again, whether if

n(r) = supn(r, a)

we have necessarily

lim {n(r)—A(r)} < +o0.

r—o©
Nothing as strong as this is known. However, by reasonably elementary
methods we can prove (Hayman and Stewart [1]):

THEOREM 1.5. With the above notation we have

We need the following lemmas about real functions.

LeMMA 1.2. Suppose that ¢(x) is positive for x > x, and bounded in
every interval [x,, x,] when x, < 2, < c0. Then given K > 1 there exists
a sequence x, — o0, such that

1
o B E T Hw)

Suppose first that ¢(x) is bounded for x > z,. Then given n > x,,
the least upper bound M, of ¢(x) in n < x < o is positive and finite.
We can choose x, such that xz, > n, and ¢(z,) > M,/K and then z,
satisfies the required hypothesis.

Next suppose that ¢(x)is unbounded for x > x,and that our conclusion
is false. Then for all sufficiently large x we can find £, such that

v < ¢ <at{logt@)} E+{$()}* and () > Ké().

Suppose this holds for > «,. Then if z, has already been defined we
define z,,,,, so that

Tp < Tpaa < T H{logd(@,)} EHp@a)} T and  b(@p4) > Kd(w,)-

) < Kd(z,) forw, <z <uw,
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We assume ¢(z;) > K, which is possible since ¢(x) is unbounded for
large . Then

¢(@ps1) = Kd(z,) = K"p(z;) > K+
Thus log*é(x,) > nlog K,
Zpi1— (nlogK)-K+K—<"+1) (n > 1).

Thus 3 (,4,—2 n) converges so that z, is bounded above, while
é(x,) - 0 as n —00. This contradicts our hypothesis and proves our
result.

Lemma 1.3. Suppose that g(x) ts a positive strictly increasing and
convex function of x for x > x,. Then given K > 1 there exists a sequence
%, —> 00 such that if f(x) is any other positive increasing and convex func-
tion of x such that f(x) < g(x) for x = x,, we have

f ( n) < ng( n) ('IL = 1)2)'")'
Here f'(x) denotes the right derivative of f(x) and g'(x) the left derivative
of 9(x).

Since g(x) is convex, g'(x) is non-decreasing. Since g(x) is strictly
increasing, ¢'(x) > 0 for # > z,. Also ¢'(x) is bounded above in any
finite interval (x,,«,) for #; > x,. Thus we may apply the previous
lemma to the function ¢(x) = ¢'(x)/g(x), and so we can find a sequence
z, = oo such that -

o) < Kd(x,), forz, <z < x"+£ﬁ'

Also if x, =x"+(ﬁl—)’
n

we have

log g(,,)—log g(z,) = f %dm,(x;—xn)mwn):lc.

Thus : g(@n) < e¥g(x,).
Then since f'(x) is increa,sing we have

f@)—f(
f(")\x'——x ff ) de = _xn:-—x—<¢ (@,)f (2,
< ¢(xn)g( n) < equ(xn)g(xn) = ngl(xn)'
This proves Lemma 1.3.
We now apply Theorem 1.4 with a fixed » = r, > 0 and a variable »
and subtract. This gives
To(r)—To(re) = N(r,a)—N(ro, a)+my(r, a)—my(ro, @),
or N(r,a)—DN(rg, @) = Ty(r)—my(r, @) +my(7g, @) —To(7o)-
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We suppose now that f(z) is not constant and choose r, so that
f(z) # f(0) on |z| = r,. Thus
Kf@), f(0} >8>0 (2] = ).
Hence if &{f(0), a} < 43 we deduce that
k{f(z),a} = 38 (l2] = 7o)
and so my(re, @) < log(2/8).
Thus in this case

f ﬁ(ﬁ.tﬁ)i’ — N(r,0)—N(ry,a) < Tyr)+log(2/3) (r > 7o)

To

On the other hand, if k{f(0),a} > 43, we deduce that
0(01 a) < ].Og 2/8 ’
r
and so J‘Zz_(_t,_:z)_@ < N(r,a) < To(r)+1log(2/8),
by Theorem 1.4. Hence this inequality holds for » > r, and all a.

We set, C = log(2/8). Since N(r,a)—N(ry,a), To(r)+ C are both positive
increasing convex functions of log r for logr > logr, and Ti(r) is strictly
increasing we can find a sequence of r,, - oo and depending only on
T(r) but not on a such that

r 2 N(r,a) < eEr %{To(r)+ C} (r=ryalla),

dr
i.e. n(r,, a) < eKA(r,) (m ., all ).
n(r)
Thus }_)w m < e ;

and since K may be chosen as near 1 as we please, the right-hand
inequality of Theorem 1.5 follows. The left-hand inequality is obvious,
since A(r) < n(r) for all r.
1.7. Orders of growth

Let S(r) be a real and non-negative function increasing for

ry <r < oo, wherer,> 0.
The order k and the lower order A of the function S(r) are defined as
k = Iim {log S(r)}/logr, A = lim {log S(r)}/log .
r=—>0 r—> 0

The order and the lower order of the function always satisfy the rela-
tion 0 <AL k<< o0,
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If 0 < k < o0 we set

0= 3¢

and distinguish the following possibilities:
(@) S(r) has mazimal type if C = +-c0;
(b) S(r) has mean type if 0 < C < +o00;
(¢) 8(r) has minimal type if C = 0;
(@) 8(r) has convergence class if
S(t) dt

th+1
To

Note that if S(r) is of order %, where 0 < k < o0 and € > 0 then
8S(r) < rk+¢  for all large r,

converges.

and S(r) > rk-¢ for some large r.

It can be seen that, if S(r) is of order % and of convergence class, i.e. (d)
holds, then it is of minimal type (¢). In fact in this case

f BN g < e ifry > te).

st
To

Then
S( r)
oy dr < e

To

and since S(r) increases with r,

270
S(r) 8(ro)
so that S(re)2-®+D/rk < € for ry > t(e),
that is ‘ }Ll?o = 0.

Thus (d) implies (c). We also note that if &’ is greater than the order
k of S(r), then ©

f S(r )dr converges,

rk +1
To

and if &’ is less than k, then
v S(r) .
f i dr diverges.

853508 c
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1.7.1. We next prove the following fundamental inequality.
THEOREM 1.6. If f(2) is regular for |z| < R and
ryf ) = ma’x If

then T(r,f) <log*tM(r,f) < g-;—r

(B.f) (0<r<R).
Since f(z) is regular we have
b
Tr,f) = mir.f) = - [ log*lre)|db < log*M(r. )
i
0
To prove the second inequality, note that the result is trivial if

M(r,f) < 1. Suppose then M(r,f) > 1 and choose z, = re? so that
|f(zo)] = M(r,f). Since f(z) has no poles in |z| < R, Theorem 1.1 yields

2
B 1 ; (R*—r?) dd
logM(r,f) = logl 0] < 5 [ Towl(Bet)| ottt s
0

2
Sk R*’logﬂf Reit)|ap = T (R, ) = EET 1R, f).
0
This proves Theorem 1. 6
We deduce immediately the following:

TureoreEM 1.7. If f(z) is an integral function then the order k of the
Sfunctions S,(r) = log*M(r,f) and Sy(r) = T(r,f) is the same. Further if
0 < k < o0, 8;(r) and Sy(r) belong to the same classes (a), (b), (c), or (d).

In fact we have from Theorem 1.6, setting R = 2r,

Sy(r) < 8y(r) < 38y(2r).
We deduce at once that the order of Sy(r) is not greater than that of

S,(r) and also that the order of S,(r) is not greater than that of Sy(r).
Suppose now for instance that S,(r) has convergence class of order %.

Then © ©
Sy(r)dr Sy(2r) dr S,(t) dt
f 1,k+1 J 2 TR T 3.2 2tk+1 < ©
2r
Thus S,(r) has convergence class also. The converse is also obvious.
The other results are proved similarly.
We shall say in the sequel that a function f(z) meromorpluc in the
plane has order k and maximal, minimal, mean type or convergence
class if the function 7'(r,f) has this property. For integral functions
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this coincides by Theorem 1.7 with the corresponding definition in
terms of log+M(r) which is classical.

1.8. Comparative growth of 7'(r) and log M(r)

It is to be noted that although for an integral funetion

C, = E—g —7;:—) and C, = 71?1010 1_______0g:])!1(r)

are zero, finite, or infinite together, C; and C, need not have the same
value. Thus for f(z) = €?, C; = 1/ (see section 1.3, example (ii)), C, = 1.
We evidently always have C;, < C,.

Setting B = r(1+1/k) in Theorem 1.6 we deduce that, if C] is finite,
we have for all large »

k
log M(r) < ’(2;7]:/'“’ (01+e)(1 +%) *,

k
so that c, < (2k+1)(1+%) 0, < e(2k-+1)C,. (1.16)
On the other hand, for £ > } and « = 1/k Mittag—Leffler’s function
B =S 2
«(%) 2:0 I'(14an)
is bounded for{ #/2k < |argz| < =, and is such that

log|f(rei)| ~ rkcoskf (r — o)
uniformly for || < 7/2k—8&, where 6 > 0. For this function

7[(2k)
1 rk
T(r,f) ~— rkcoskf df = —.,
2m wk
—m/(2k)
while log M(r,f) ~ rk.

For k = 1, f(z) reduces to e=.
Thus e(2k+1) cannot be replaced by any constant less than =k in
(1.16). It seems probable that =k is in fact the correct value for & > 1.}

1.8.1. For functions of infinite order it is possible that

T(r.f)

log M(r)

An example of this is provided by the function f(z) = e*. Here
lOg"'lf(rew)] < ercos 6

— 0, asr—oo.

m

ku
1 r
Thus T(r.f) < f ereosd gp — & f e-rit-cosd) g,
27 m
-7 0
t See e.g. Cartwright [1, Theorem 35, p. 50].
1 See Wahlund [1] for k& < }.
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We note that

. 262
1—cosf = 2sin246 > - o< b<m).
Thus P ©
& g-arti Sl M e (7)),
T(r,f)gﬁfe < [ewomap=2 [[T)=e [(Z);
0 [}
while logM(r,f) = ¢

(By section 1.3, exercise (iv), we have actually T'(r,f) ~ €"(27%r)-1.)

1.8.2. Inthe opposite direction to that of the above example we have
the following theorem due to T. Shimizu [1].

THEOREM 1.8. Suppose that f(2) ts a non-constant integral function and
K > 1. Then . log M(r) _

== T(r){log T(r)}*

We apply Lemma 1.2 with ¢(x) = T'(¢®,f). This is possible since f

is non-constant and so unbounded in the plane. Hence log M(r) > o

with » by Liouville’s theorem, and so does 7'(r) by Theorem 1.6.
Accordingly we can find a sequence x,, such that

d(x) < Ké(x,) for z, <z < z,+{logtd(z,)} K,

and such that z, - oo and hence ¢(x,) > o0 as n—>o0. We choose
logr = x,,log R = xn+{log+¢(xn)}—K in Theorem 1.6. This gives

et < £ < xS

R—
~ 2KT(r){log T(r)}¥

and r - oo through the sequence exp(z,). Thus

. log M(r)
2 T log TR

Since we may replace K by 4(1+K) in the above argument and
T(r) - oo with r, Theorem 1.8 follows.

Hayman and Stewart [1] have shown that if f(2) % 0 in the plane
the conclusion of Theorem 1.8 holds for K > 4. The example of
f(z) = ¢, which we have just discussed, shows that thisresult isno longer
true for K = % even in this speclal case. The function of Lemma 4.1
for which log M(r r) ~ e, T(r) = O(e’/r), shows that Theorem 1.8 no
longer holds in general with K = 1.

< o0.
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1.9. Representation of a meromorphic function in terms of its
zeros and poles
The fundamental theorem of algebra allows us to write any poly-
nomial P(z) in the form N
Pe)=cr || (1——"—),

z
r=p+1 r

where z, are the zeros of P(z) other than those at the origin. It is
possible to extend this theorem to integral functions and this was done
by Weierstrass [1] and Hadamard [1]. The finite product becomes an
infinite product to which it is in general necessary to add other factors
in order to make the product converge. The results are particularly
simple for functions of finite order when the factorization is still almost
unique.

For meromorphic functions a corresponding expression of a function
as a product in terms of its zeros and poles is possible, and Nevanlinna’s
theory allowed him to obtain conclusions which even in the case of
integral functions go farther than those previously known and are
essentially best possible.

We define for any positive integer ¢ the Weierstrass primary factor

E(z,q) = (1—z)es+i' +n+ia2?
and E(z,0) = 1—z.
Then we have the following:

TuEOREM 1.9. Suppose that f(2) is meromorphic in the plane and has
there zeros a,, and poles b, and satisfies one of the conditions

®
(a’) EO %‘D = 0)
) lm T o,

where q is a positive integer. Then

- 1 0= [T o)

laul<R
where the limit takes place as R — oo through all values in case (a) and
through a suitable sequence of values in case (b). Here p is an integer
and P,_,(z) i3 a polynomial of degree g—1 at most.}

t More precisely F,_,(2) consists of the terms of degree less than g in the power series
expansion of log{f(z)/z’} near z = 0.
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1.9.1. Note that the theorem only asserts that the limit on the right
exists, but does not indicate whether the products are separately
convergent.

To start with let us assume that f(0) = 0, co. Then Theorem 1.1
gives, for z = reif,

2m
_ 1 [ (B*=rd)log|f(Reid) dg
log| f(z)} = ?j R2—2Ry cos(¢p—0)+r2

n Z lOgRgz aH) n z logR( —b, zl
laui<R IJI<R
Both the sides are equal harmonic functions v(z) (say) of z near any
point z = re®, where f(re?f) £ 0, co. Let us apply the operator
0/dx—10/dy to both sides of the above equation.
Differentiating under the integral sign and observing that
P (Re"‘/’—}-z) . R2—y2
Rei$—z] ~ R2—2Ryrcos(¢—0)+r2
we deduce that

id
ra_1 f log f(Re')| 220 _ dg —

(2) (Ret?—2)?
1 a 1 b
— —_—e s v
2 (a —z R:—qd z)+ 2 (b —z  R*—} z)’
lapl<R V' Tk i<k Y v

provided that there are no zeros or poles on |z| = R, which we assume.
Differentiating this ¢—1 times we obtain \

( ) (f (Z)) _9_!_' 2ﬂlog]f(R_ei¢)IRei¢d¢
dz f(2) - s

1 be
He-D > ()~
PR = T
P 1 & )

(g—1)! ’aMZR’( o ) 017
Suppose now that T'(2r)/r? — 0 as r — oo either through all values or
through a suitable sequence of values, say R, (which tends to co with k).
Such a sequence of values exists by our assumptions. Also by decreas-
ing R, slightly if necessary, we may assume that f(z) = 0,0 on |z| = R;.

We take R = R, in (1.17). Then, since m(r,f) > 0,

2R
T(2R,f) > N2R,f) > f ML) (R flog 2.

Ry
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Thus n(Ry,f)/RE >0 ask— oo,
Similarly n(Ry, 1/f)RE —~ 0, ask—> o,
since T(RBy, 1/f) = T(Ry f)+0(1)
by (1.10).

Our next aim now is to show that some of the terins on the right of
the equation (1.17) including the integral tend to zero uniformly for
z on any bounded set as k tends to infinity. Then letting % tend to in-
finity we shall obtain a modified equation which will yield our result
after integrating ¢ times.

Suppose then that |z| < }R,. Then [b,z| < }R,.R, for |b,| < R,

and |Ri—5,2| > Ri—|6,2] > }R%
| B RY 24
Henee (RE—5,27 < GGRp: ~ Y

this inequality being true for all poles b, with |b,|] < R,. Therefore,
summing up for all poles b,in |z] < Ry
2‘1n(Rk, f)

3 i < Sl <

and here the right-hand side tends to zero uniformly as % tends to
infinity for z in any bounded set. A similar result holds good for the
zeros of the function.

We now consider the integral in (1.17). We have

|Riet$—z| > 3R, for |z| < }R,.

Hence the modulus of the integral on the right of (1.17) is at most

‘o
R
q kRzﬂf

logl(Ry ') ||d¢

—4—'2—"—{ f log*|f(Bye'%)] dé + f log| 7

R

*’)

- %l %%{m(zek,f)er(Rk, 1)}

- O{T“;';f )} - o{T(;I;k’f )} 50, ask->c0.
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Thus the equation (1.17) takes the form

d\-1f'(2) _ ..

where Sk(z)———(q—l)!{ > _1 __ > (;}

—2\2 —2\q
lbv|<Rk(bv 2) laul <R @,—2)

the convergence being uniform for any bounded set of values of z not
containing any of the zeros or poles of f(z).

By the uniform convergence we may therefore integrate both sides
(g—1) times along a suitable path from 0 to z to get

j_‘_'(__z_) — 5 [ { 1 1 2 29-2
f(z) _kl—rg o< R (b, —2 El bz Z’?I}
1 1 =z zq‘z}]
_S e - ve—— 3+ P, _(2),
laul<Ry !a#—z % 4 @ !

where P,_,(z) is a polynomial of degree at most ¢—2.

Now integrate both sides once more from 0 to z, and take expo-
nentials. This yields Theorem 1.9 in the case when f(0) 5% 0, co. In
case zero is a pole of order —p or a zero of f(z) of order p, consider the
function f(z)/2? and apply the result just obtained to get Theorem 1.9
in its fina] form.

Ezxercise. It f(z) is meromorphic with only a finite number of zeros
and poles in the plane and satisfies :

lim 7'(r,f)

r—> 0

=0

prove that f(2) is rational.

1.10. Behaviour of Weierstrass products
We next investigate the converse problem to that of Theorem 1.9,
namely that of the behaviour of the Weierstrass products

= 2z
L1# o)
v=1
for given sequences a,. In this way we shall be able to construct mero-
morphic functions of given order with zeros and poles that are arbitrary,
subject only to the conditions implied by Theorem 1.10.

We shall need a number of preliminary results. Let ay,..., a,,... be
a sequence of non-zero complex numbers arranged in the order of
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increasing moduli and such that a, > o0 as n - co. Let n(r) be the
number of the a, lying in the circle |z| < r, and set

N(r) = ?M,
%5

. We shall call n(r) the counting funection of the sequence a,,.
LemMma 1.4. The functions n(r) and N(r) have the same order and type-
class and for any k such that 0 < k < oo, we have further

z la, |-k = kj n(r)dr _ K2 N(r)dr

pl+1 rk+1

v=1
in the sense that all three expressions are mﬁmte, or all are finite and equal.
The order and type-class of n(r) and N(r) will be called the order and

type-class of the sequence a,,.
To prove the lemma, suppose that

n(r) < Crk  (r > 7).

Then  N(r) <fCt" +0(1) _—rk+0(1) (r > ro).

This shows at once that the order and type-class of N(r) cannot exceed
that of n(r). Again, if

N(r) < Crk (r > 1),
we have

R 2r
n(r)log2 < f n(tt)dt

r
so that the order and type-class of n(r) cannot exceed that of N(r).
Next we have

SNEr) < C@n* (r> 1),

R
S o= (20

lai<R ¢k
0

since n(t) increases by p at r if p of the a, lie on |z] = r. We integrate
the Riemann-Stieltjes integral on the right-hand side by parts and
obtain

> =" f e

layl<R

B dzgc(t)_n%f) N

0 0

IcN(R N d
Bw N0
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Making R - oo we deduce at once that if
f N dr

L= e+l
0

diverges then so do
L= f MY and L= 3 o,
v=1
0

Tk +1

Next if I, converges N(R) has at most convergence class of order k, and
hence at most minimal type of order k, so that

N}(ef)—>0 as R — 0.
Thus also n(E) >0 as R— oo,
RF
and so by making R — oo, we see that k2, = kI, = I; in this case, as
required.

We deduce at once

THEOREM 1.10. If f(2) 18 @ non-constant meromorphic function, then
for any complex a the order and type-class of the roots of the equation
f(2) = a do not exceed the order and type-classt of f(2).

In fact we have, by Theorem 1.2,
N(r,a) < T(r,f)+0(1).
Since the order and type-class of f(z) and the roots of f(z) = a can be
defined in terms of N(r,a) and 7'(r,f), the result follows.
1.10.1. We next need some estimates for (2, q).
Lemma 1.5. If |2| < 3, then, taking the principal value of the logarithm,

we have llog B(z,q)| < 2[z[e+1. (1.18)
Further we have for all z,
log| B(z,q)| < log(1+[]), (1.19)
ifqg=0,and forq >1
log| E(z,q)| < A(g)min(|z]¢, |z]2+1), (1.20)
where A(q) = 2(2-+logg).
Suppose first that 1
2] < 1——vou—.
2(g+1)

t i.e. the order of the roots of f(z) = a does not exceed the order of f(z) and if the two
orders are the same, the corresponding result holds for type classes.
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Then

llog B(z,q)| = log(l—z)+z+%z2+...+lzq - ;111 ;T22+
< ety = — I coppen
S g11 @A) S 2

Thus our lemma holds in this case. The inequality (1.19) is trivial if
g = 0, so we assume henceforth ¢ >> 1. Consider next the range |z| > 1.
Then

log| B(z, )] < log(1-+[z) |2+

IZI Izl

IZI

b < 20 o

< !zl“(2+%+.-.+a) < (2+logg) 212

In particular it follows that we have for [z| = 1

log|E(2,9)| < 2+log*g,
and this inequality remains valid for |z2| < 1 by the maximum modulus
theorem. In the range 1—{2(g+1)}-* < |2] < 1, we have

. 1 e
[z]2+ >{l—m} =4, forg >0,

so that log|E(z,q)] < 2(24logtq)|z|tt
in this range. This completes the proof of our lemma.

1.10.2. We are now able to prove our result.

THEOREM 1.11. Let a, be a sequence of non-zero complex numbers hav-
ing counting function n(t) and let q be the least integer such that i la, |4
converges. Then the product "

E|Z,q—1
15
converges absolutely and uniformly in any bounded part of the plane to an

integral function T1(z) having the same order p as the sequence a,,, and the
same type-class if p is not an integer. Further 11(z) satisfies the inequality

12| ©
t)dt t)dt
log TI@)] < qA(q){lzl“‘l [ 208 e | ”t()l} (1.21)
] Il
where A =1ifq=1, A(g) = 2(2+logg), for ¢ > 1.
We have by Lemma 1.5 for |2] < 3R < %]an]
]ogE( , q—l)‘ < 2 2R

Ianl" lan|®
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Thus the series z log E( , q— 1)

n=ne
converges uniformly for |z| < 3R if n, is large enough, and hence so
does the product Il(z).
We next establish the inequality (1.21). Suppose first that ¢ = 1.

Then ©
log|I1(2) Z 10g( ) f lo (1 +l—':-l) dn(t)
0

v=1
[2|n(t) dt]
te+1z0)]

Since the a, have order 1 convergence class at most and so

o o) |

(R) -0 as R— oo,
l2]
n(t)dt n(t) dt
log|TI(2)| < I¢| f <
(¢ t
(t+12]) = ; :

This proves (1.21) if ¢ = 1.
Suppose next that ¢ > 1. In this case we have, by Lemma 1.5,

log|TI(z)] < A(q){ [2°7 ‘z'q}

|a, |2~ |, |

layi< 2l lavi>|2!

Izl
(q){ f lz]qt:_cfn f 2|2 dn }
0

12|

We integrate by parts and obtain

Il
log|TI(2)] <A<q)[lz|q—1 f =Dt | ) f (t){”}-

0 12

This proves (1.21).
Suppose now that nt) <ctr (t >t,), (1.22)
1.2

where ¢—1 < p < ¢. Then (1.21) gives for |2| = r > {,,

log*|TI(2)] < qA(q)[ﬂ-l{ J' ctP~2 di +0(1)}+cr‘1{ ftp-q-l dt:]

— qdig)| +1+—}+0( ).

Thus if n(f) has order p mean type or minimal type at most so does
II(2), where ¢—1 << p << gq.
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If n(t) has order ¢g—1, then (1.22) is satisfied for every p > g—1.and
a suitable ¢ and so I1(z) has order at most p, i.e. at most g—1. Finally,
if n(¢) has order ¢ convergence type and hence minimal type, then (1.21)
yields ' 2|

log+|I1(2)] < qA(q){,z|q-1 [owatier f “‘”} o (121
0 12|

Thus II(z) has order ¢ minimal type at most. This completes the proof
of Theorem 1.11.

1.10.3. If g is the quantity occurring in Theorem 1.11, then ¢—1 is
called the genus of the Weierstrass product II(z).

If p is the order of the sequence of zeros then the genus satisfies the
inequality ¢—1 < p < ¢. If p is an integer, so that p = g or p = q—
then II(z) need not have the same type-class as the sequence a,,.

Ezxercise. Consider

I(z) = ﬁ (1+%)e‘z/”.

Thent . " -
logI(z) = ,Zl {log(l + %) —%} = ! {log(l +Et) -%} d[t]
= —z? wi%%t—) = —zzft(tﬁz)—i—O(z) = —zlogz+0(2)

uniformly as z — oo for |argz| < #—3. Thus
log M(r,II) > (1—e€)rlogr

for large r, so that II(z) has maximal type, but the sequence of zeros
has mean type. Here ¢ = 2, and the genus ¢g—1is 1, p = 1.

If p = ¢, then n(f) has convergence class and so minimal type of
order ¢g. In this case we saw that II(z) also has order ¢ minimal type
at most, but the example

0 =11+ )

shows that II(z) need not have convergence class of order 1. In this
case , I
T(r, 1) ~ ——, =)~

(r, D) logr n(r H) (logr)?

+ [#] denotes the largest integer not greater than x.
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If in Theorem 1.9 f(z) has at most convergence class of order ¢ then
Theorems 1.10 and 1.11 show that the products

E’( ,q——l) and TL,(z E( ,q—-l)
ﬂ TI
converge absolutely, and so

f(z) = zPePe-1 M
I4(2)
by Theorem 1.9. However, under the more general hypotheses of
Theorem 1.9 these products need not converge absolutely and in fact

need not converge separately at all.



2

NEVANLINNA’S SECOND FUNDAMENTAL
THEOREM

2.0. Introduction

WE have in the previous chapter defined Nevanlinna’s characteristic
function and have seen (Theorem -1.2) that for every complex a we
have m(r,a)+N(r,a).= T(r)+0(1). It follows that the sum m+N is
largely independent of a. This is the result of the first fundamental
theorem. The second fundamental theorem (Theorem 2.4) shows that
in'general it is the term N(r,a) which is dominant in the sum m+N
and further that in N(r, a) we do not decrease the sum much if multiple
roots are counted simply. Thus for most values of a the equation
f(z) = a has nearly as many roots as the first fundamental theorem
permits and, moreover, the majority of these roots are simple. The
result contains as a special case Picard’s theorem that a transcendental
meromorphic function assumes infinitely often all values in the plane
except at most two. However, Nevanlinna’s result goes much farther
as we shall see.

In this chapter we prove Nevanlinna’s second fundamental theorem¥
and give some of the more immediate applications. Further extensions
and applications are reserved for later chapters.

2.1. The fundamental inequality

For the sake of simplicity we shall write m(r, a) for m{r, 1/(f—a)} and
m(r,o0) for m(r, f) if this notation is unlikely to give rise to ambiguity.
Then we havet

THEOREM 2.1. Suppose that f(z) is ¢ non-constant meromorphic func-
tion in |z| < r. Let ay, a,,..., a, where ¢ > 2, be distinct finite complex
numbers, & > 0, and suppose that |a,—a,| = 8for1 <p <v<4q. Then

m(r,c0)+ 3 mir,a,) < 27(.f)=N(r)+8(),

t The name second fundamental theorem is usually given to the inequality of
Theorem 2.1 subject to a suitable estimate of S(r) and also to Theorem 2.4 which is an
immediate consequence of this.
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where N,(r) 18 positive and is given by
2\71(7’) = N(?‘, 1/f’)—|—2N(7‘,f)—N(7’,f’),

and

S(r) = m(r,j-}:) + m{r, V}: (f”j:'av)} +glog* 3_8q +log 24-log

with modifications if f(0) = oo, or f(0) = 0.

_1
THOL

The quantity S(r) will in general play the role of an unimportant
error term. The combination of this fact with Theorem 2.1 yields the
second fundamental theorem. It shows that the sum of any number of
the terms m(r,a,) cannot in general be much bigger than 27(r). If
f(2) #0, 1, 00, m(r,a) = T(r,f)+O0(1) for a = 0, 1, c0, so that

m(r, 0)-Fm(r, 1)-+m(r, c0) = 3T(r)+0(1)
and this would give us a contradiction. This gives Picard’s theorem.

We first prove the relatively simple Theorem 2.1 before tackling the

much more complicated estimation of S(r).

2.1.1. Proof of Theorem 2.1
Consider 7

792 =)

y=

and suppose that for some v, | f z)—a,| < 8/3q. Then for p 5 v,

If(z)—aul = —1f(z) > 8—9/3¢ > 33.
Therefore for p # v

3 1 1
|M%m<%<%ww%ﬁ

Again,
P01 75 ana
1 il | O S
- {If(z)—avl}{(l 2 )} ~ 2|f(z)—a,]
Hence log*| F(2)| = log* W)_l:z] —log 2.
In this case

Z 1 2
log+|F(2)| = logt———— —qlog+=—log 2
g*| ()I/;1 B e 7108 5108

< 1 3q
= > logt ————— —qlog+=2 —log 2,
g;gm»mnqgs ¢
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since al]l the terms for p 7 v are at most log*(2/8). This is true if
|f(z)—a,| < 8/3q for some v < ¢. This inequality is true evidently for
at most one v. If it is not true for any value v then we have trivially

1 3q
log*|F(z lo —qlog*-2 —log 2.
g+ FE)| > Z 8 i —a 918" —lo
So the last relationship holds good in.all cases.
Taking integrals we deduce

m(r, F) = > m(r, a,,)——qlog+3—8q—log 2. (2.1)

lM“‘

Again, to get an inequality in the other direction we note that

= 17) <)o

By (1.10) we have
T(r.f) = T(r, ) +1ol£0),

ARk
and m(r, 1) —N|{» ;c)-{- 0g—— 0)|

Hence we get finally
i F) < 70.1) = 3]+ () +

+N(r,§) -N(r,%\) +m(r,f'F)+log

The above inequality combined with (2.1) gives

£10) l
f100)

$ m(r,a,)+mir,0) < m(r, F)-4m(r.f)+qlog+ 2L+ log2

1

emnfe x4

- (e L)t By o8

(0, )N f)+log*( 3 )+1og2,

853503 D
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Again, by Jensen’s formula

N(r,J%)—N(r,fo,) = 5!7; jzrlog ﬂ?—,ﬁ?—) df—log }—f-,%)-)

27
— 55 [ Togltre®) de—1og 1(0)
0
27
— 5= [ 1og1(re®) a0-+10g1 1 0)
-

- N(r, ;})—N(r, f)—-N(r, %)—l—N(r, 1.
Thus we obtain finally

5 0.0+ mir,0) < 220,)= (2 )= £V 1 )|+ 500,

where S(r) is defined as in Theorem 2.1, and the proof of Theorem 2.1
is complete.

2.2. The estimation of S(r)
The second fundamental theorem is a consequence of the following:

THEOREM 2.2. Suppose that f(z) is meromorphic and not constant in
lz2] < Ry < 40, and that S(r,f) is defined as in Theorem 2.1. Then we
have '

(i) If By = +o0
8(r,f) = Oflog T(r,f)}+O(logr),

as r — oo through all values if f(z) has finite order and as r - 0o outside
a set B of finite linear measure otherwise.

ll) If0<‘R0<+w) .
1
S(r.f) = Ollog+T(r, £)+1
() = Oflog (1, )+log 71—}

as r - R, outside a set E such that

dr
Ro‘_‘r
E

< +o0.

Further there is a point r outside E for which p < r < p’ provided that
0 < R—p’ < e} R—p). .
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2.2.1. The proof of Theorem 2.2 is rather lengthy. We prove first.

Lemma 2.1. Let z be any complex number and 0 < r < co. Let E,
be the set of all 6 such that |z—re®) < kr, and 0 < |0] < m, where
0<k<1 Then

J. log

We may assume without loss of generality that z is real and positive.
Then for 6 in E;, we have -

6 < ﬂ'k{log( )+ 1}

|z—ret®| > rsin6,

and E lies in the interval || < 6,, where 6, is the smallest positive
root of the equation sin 6, = k, since for 3= < |0] < 7 we clearly have
|z—re®| > r, when z > 0. Thus

[/

8, )
r 1 m
" _g6<2f log[-L s
f log—— e 0 < f log(sin 0) d6< 2 f log(2 9) d6
Ex 0 0
= 26 {log( )+1}

Here the right-hand side increases with increasing 6, in 0 < 6, < i,
and so, since sin 6, = k, we may replace 6, by the larger number 4=k.
This proves the lemma.

We have next:

Lemma 2.2. Let 2y, 2y,..., 2, be n > 1 points in the plane and let 3(z)
be the least of the distances |z—z,|, v =1 to n. Then

27
1 r
— te—df < 2 3.
2ﬂJ‘log S(rew)d < 2logn-4
0

Let E, be the set of all 6 where |re®—z,| < r/n, and let E = Cj E,.
=1

Set logyx = logz if > n, logyx = 0 otherwise. Then in E, 8(re®¥) < r/n,
and so

+_r_- _ _L__ <
log 5ire) log, 5(re®) < ; log,

Hence, by Lemma 2.1 with k = 1/n, we have

f log* 3( rew

r
ref—z,|"

n 27
n
ZJ‘logo]rew 2] do < —?:—T(logn—l—l).

v=10
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Also in the complement CE of E we have §(reif) > r/n, and hence

r
f 108‘*@3} di < f logn df < 2nlogn.
CE C
Thus - £
o

ro. -
jlogw“m d0 < 2nlogn-+n(logn+1) = n(3logn-+1).
0

This proves the lemma.

2.2.2. We are now ready to estimate m(r, f'/f) in terms of T(R,f)
where B > r. Our result is:

LeMMmA 2.3. Suppose that f(z) is meromorphicin |z| < R, that0 <r < R,
and that f(0) 5= 0, co. Then

m(r,‘ﬁ) < 4log*T(R,f)+4logtlog* +

1
f 1£(0)]

+5logtR+6logt Rl

1
+2
r-{-log r+14'

We use again the formula (1.17) obtained by logarithmic differentia-
tion from the Poisson—Jensen formula, with p = }(R-+r) instead of R
and g = 1. This gives

=5 f g (pe)| 22 dp

3 et 2 ) e

where the sums run over the zeros a, and poles b, of f(2) in |z| < p.
We set {z] = » and 8(2) for the distance of z from the nearest of the

numbers a, and b,, and
1
= n(p.N)+n{p.3)

for the total number of these zeros and poles in |2| << p. Then

lp?—a,2| = p*—pr = plp—r).

| @ <_P 1 b, 1
Thus lP*—=a,z| = plp—r) ~ p—r p*—b,z| = p—r’
1 1 1 1
Also fa—= 56 b— < 5@)"
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Further,

i$
j T o) 2 44
2m
2 " - 1
= (p—r)E 2n f log| f(pe )|Id¢ r)z {m(P:f)+m( ’f)}
Thus (2.2) gives
f'@)

T < e e f)}”{sm*p =
Using (1.9) and (1. 10) we obtain

S nf r /r
7| < (T s |+ 2+
Thus, using the 1nequaht1es

log+ab <'logt+a-log*b, log*(a+b) < log*a-+log+b-+log?2,

we have

log+

1
m“
52) r-|-2log2.

We proceed to integrate with respect to z on |z| = r and use Lemma
2.2. Thus we obtain

m( J},) log+T(p,f)+3log*n-log+— +5log 2+43+logtlog+

L8 <logrp+2loge-L_ + 2log2--1og*T(p,f)-+1og log

+log 2+log+ +log+ -|-log+

lf(O)I
(2.3)

+log*p+2 log+;_—r +log+ r+log+p_

We next estimate n. To do this, note that

R
: dt R— 1 1\R—
N(R)f) > f 2'(2‘;)_‘ > n(P)f)"_‘R_e: N(Ra "") > n( y_).'_P'
f f) R
Thus P
R

n= n(p,f)+n( ;) <

R
\R

(R )

_{27(B, )+1og 2R { (B,f)+log*

. 7o < 7 o
hus

logtn < log+ R-log+ +2log2

1
log+T(R, f)+log+og+ ——
_P-i- og*T(R, f)+log*log If(O)I
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We substitute this in (2.3) and remember that p—r = R—p = }(R—r)
and r < p < R. Thus monotonic functions of p can be replaced by
corresponding functions of » or R in (2.3). This gives finally

m(r,f?’> < 4log*T (R, f)+4logtlogt +

L
If(0 )l
+5log* R-{—(Slog+

This proves Lemma 2.3.

+log+ + 17log 2+1.

2.2.3. Inorder to complete our proof of Theorem 2.2 we have to show
that it is in general possible to select R > r so that neither log+T(R,f)
nor log*{1/(R—r)} are much larger than log*7'(r,f). This result follows
from the following lemma going back essentially to Borel [1].

LemMMma 2.4.
(i) Suppose that T(r) is continuous, increasing and T(r) = 1 for
ry < r < +o0. Then we have

1
T{r-{-m} < 27(r) (2.4)
outside a set E, of r which has linear measure at most 2.

(ii) If T'(r) ts continuous and tncreasing for ro < r < Ry < 400 and
T(r) > 1 there, then we have

Tlr4+(Ry—r /{eT }] < 2T'(r) (2.5)
outside a set E, of r such that f dr[(R <2 In partwular (2.5) holds

for some r in the interval p < r < p’ promded that ry < p < R, and
Ry—p" < (Ry—p)/é*.

We prove first (i). Let r, be the lower bound of all » > r, for which
(2.4) is false. If there are no such r there is nothing to prove. We now
define by induction a sequence of numbers »,. Suppose that r, has been
defined and write 7, = r,+1/7(r,). Define then r,., as the lower
bound of all » > #,, for which (2.4) is false. We have already defined r,
and so we obtain the sequence {r,}. Note that by the continuity of 7'(r)
(2.4) is false for » = r, for » =1, 2, 3,.... Thus r, belongs to the
exceptional set E,. From the definition of r,,, it follows that there
are no points of B, in (7}, 7,.,) so that the set of closed intervals [r,, ;]
contains E,. In fact if there are an infinity of r,, 7, cannot tend to
a finite limit ». For otherwise since r, < r,, < r,,, r, > also. But
then we have for all »

r;t—'rn = l/T(rn) = l/T(r) >0



2.2 NEVANLINNA'S SECOND FUNDAMENTAL THEOREM 39

since T'(r) is increasing which gives a contradiction. It remains to be
shown that ¥ (r,—r,),< 2. Now
T(ry) = T{ra+1T(r,)} = 27(r,)
since r,, belongs to E,. Thus
T(rn4) = T(ry) = 2T(ry).

Hence
T(rp.) =27(r,) = ... = 2*T(r)) > 2™, since T'(r) = 1.
Thus S (r—r) = 3 1T(r,) < % 9i-n —
n=1 n=1 n=1

This proves Lemma 2.4 (i).
To prove (ii) set

p = log Rol——r’ r = Ry—eP, logR l—ro
and apply the first part to
Typ) = T(Ry—e),  py < p < +co.
Let E be the set of p for which p, < p < +o0 and
Ti{p+1/Ty(p)} = 2Ti(p)-

Then if E, is the corresponding set of values of », we have by (i)

dr
Ro——
For values of r not in Eo, we have

() < 2T(r),
where 7’ is given by

Ry—r

eT(r)’

since for 0 < # < 1, we have 1—e—= = xe~f > z/e by the mean value
theorem. This proves (2.5). Also if ry < p < p’ < R,, we have

so that r = r4+(Ry—r){l—e VT0O} > r

f R,— = 0:::1 > 2, if By—p' < (Ry—p)le®

Thus in thls case the set E, cannot occupy the whole interval (p, p’),
and so we can find r such that p < r < p" and r lies outside &, i.e.

(e +gas) < 270

This completes the proof of Lemma 2.4.
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2.2.4. Proof of Theorem 2.2. Suppose now that S(r,f)i is defined as in
Theorem 2.1. Then as r varies

S(r,f) = m( f—) (r %)—{—const

f
where ]g[ {f(z)—a,}.
Suppose first that B, = -+c0 and f(z) has finite order in the plane. Then
T(r,f) = O(r*) asr— 4o0.
Also we have in all cases
< 3 7tr.f=a,) < gT(r.f)+0(0). (2.6)

In this cage we choose R = 2r in Lemma (2.3) and obtain

m(r,}-}) = O(logr), m(r,%l) = O(logr) asr—> 400,

so that (i) is proved in this cage.

Next suppose that f(z) has infinite order in the plane. Then we choose
R—r = 1/T(r,f) and apply Lemmas 2.3 and 2.4(i). Using (2.6) we
deduce that outside a set E; of r of finite length we have

’

m( %) < 4logH2T(r, $)}-+5log(2r)+6log+T(r, f ) +O(1)
< 10{log+T(r,f)+log*r}
for large », and similarly
m(r, -f]-l) < 10log*7(r,f)+101log .

This completes the proof of case (i) of Theorem 2.2.
To prove case (ii) we again apply Lemma 2.3 and set

Ry—r
R=r +6—T(Tf) .
Then it follows from Lemma 2.4 that outside the exceptional set E, of
that lemma 7T(R) < 2T(r). Thus in this case Lemma 2.3 gives as
r - R, outside E,, :

m‘(r, %) < 4log*{27(r, ¢)}+610g+w+ o(1)

< 10log*T'(r,f) +7log+R !

if r is sufﬁ(nently near K, A similar inequality holds for m(r,f’[f).
This completes the proof of Theorem 2.2.
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We note that in the above analysis the exceptional set E, depends
only on 7T'(r,f) and not on the number or values of the constants a,.

2.3. Conditions for S(r) to be small
We have as an immediate deduction from Theorem 2.2:

THEOREM 2.3. Suppose that f(z) is meromorphic and not constant in
2| < R,. Then if S(r,f) 1s defined as in Theorem 2.1

/ gﬁ:;; >0 as r— Ry, (2.7)

with the following provisos:

(@) (2.7) holds without restrictions if Ry = oo and f(z) is meromorphic
of finite order in the plane.

(b) If f(2) has infinite order in the plane (2.7) stall holds as r — oG out-
side a certain exceptional set B, of finite length. Here E, depends on f(z)
but not on the a, or on q.

(¢) If By < +o0 and

Im —1S) 2.8

r—g.,log{l/(R —r)} T (2:8)
 then (2.7) holds as r — R, through a suitable sequence r,, which depends
on f but not on the a, or on q.

/

Suppose first that By = +o0. If f(2) is a rational function f’/f - 0,
¢'|/¢ — 0 as 2 - co. Thus in this case (2.7) holds trivially. If f(z) is not

rational,
T(rf)_) 400 asr—> +o0o,

logr
by the example in section 1.9. Thus our results now follow at once from
Theorem 2.2.
If By < 40 and (2.8) holds let p, — R, so that

T(py,f)
——Pml) e,
log{1/(Ry—p,)}
Then by Lemma 2.4 we can find r, outside the exceptional set £ and

such that R,
Ry—p, > Ry—r, > 2 _Pn,

It follows that r, - R, and also that

log = log +0(1) =0{T(p,, f)} = o{T(ry, f)}-

1
Ro—rn R 0 Pn
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Thus by Theorem 2.2 (ii) it follows that

S(rn,f)
T(ry.f)

This completes the proof of Theorem 2.3.

-0, asn-— o0

2.4. Nevanlinna’s theory of deficient values: the second funda-

mental theorem

Theorem 2.3 gives conditions for (2.7) to hold so that S(r,f) in
Theorem 2.1 plays the role of an unimportant error term. In the sequel
we shall say that f(z) is admissible in |z| < R, (for the Nevanlinna
theory) if either R, < 400 and (2.8) holds, or if R, = +oc0 and f(2) is
not constant. In this case (2.7) holds, at least as » — R, through a suit-
able sequence of values, and it is only then that we can make effective
use of Theorem 2.1. We denote again by (¢, ) = n(¢, a,f) the number
of roots of the equation f(z) = a in |2| < ¢, multiple roots being counted
multiply, and by 7(t, @) the number of distinet roots of f(2) = a in |z| < t.
Correspondingly we define

N(r,a) = N(r,a,f) = JM)—-}M dt+n(0,a)logr,

0

N(r,a) = N(r,a,f) = f w dt+7(0, a)log 7.
0

As before, we write N(r,f), T(r,f), ete., for N(r,o,f), T(r,0,f), ete.,
wherever this notation does not give rise to ambiguity. We shall suppose
that f(z) is meromorphic in |z| < R,, and that

T(r,f) > +o, asr—> R,
so that by Theorem 1.2
m(r,a)+N(r,a) = T(r,f)+0(1)

as r > R, We set

- _om(r,a) N, a),
8((1) —S(a’f)_}lrgo T(r) =1 rgl;rilo T(?')
N(r,a) )
6(a) = B(a,f) = 1-lim =5

— — 1} N(r’ a)—']\' (7‘, a)
6(a) = 6(a, f) —%T
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Evidently, given ¢ > 0, we have for r sufficiently close to R,,
N(r,a)—N(r,a) > {8(a)—€}T(r),  N(r,a) < {1—8a)+e}T(r),
and hence N(r,a) < {1—8(a)—06(a)+2¢}T'(r),
so that O(a) = 8(a)+6(a).

The quantity §(a) is called the deficiency of the value a, and 6(a) is
called the index of multiplicity (Verzweigungsindex). Evidently 8(a) is
positive only if there are relatively few roots of the equation f(z) = a,
while 6(a) is positive if there are relatively many multiple roots.

We can now prove the basic result of Nevanlinna’s theory, namely
Nevanlinna’s theorem on deficient values.

THEOREM 2.4. Suppose that f(z) is admissible in |z] < R,. Then the
set of values a for which ®(a) > 0 is countable, and we have, on summing
over all such valuest a

S (3(@)+6(a)) < 30(a) < 2
We choose a sequence r,, > R,, such that
S(rn’f) = O{T(rn’f)}'

Then we add N(r,,0)-+ Eq: N(r,,a,) to both sides of the inequality of
v=1

Theorem 2.1 and obtain
@+ DT f) < 3 V(1 0)+ N (10, 0)—= i) +2-+0(D} T, f)

or (= D)FANT(f) < 3 N(r2s0)+ Firs 0)—Nr,, 1),

Now a root of the equation f(z) = a, of order p is also a zero of order
p—1 of f'(2) and so contributes only 1 to =n(t,a,)—n(t,1/f’). Thus we
may write our inequality as

{q—' 1 +O (1)}T(rn’f) <v§qlﬁ(rm av)+N(rm w)““zvo(rm l/f’)’ (2'9)

where Ny(r, 1/f') refers to those zeros of f' which occur at points other
than roots of the equation f(z) = a, (v = 1 to ¢). Ignoring this latter

+ Much weaker results only are true if §(a) is replaced by

— mir,a)
Ag) =1 X
(@ = 1o )

See R. Nevanlinna [3, pp. 260-9] and Ahlfors [2].
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term and dividing by 7'(r,,,f) we deduce that

q __ —
7 7‘ a,,) — N("', OO) J— vglN(r’ a’v)+N(r’ w)
~ ’lirgn r—»R T(r) = rl_l.lzlc}, T(r) ==L
ie. ﬁ {1—6(a,)}+1-0(0) > ¢—1,
or i@aH—@ ) < 2.

The result shows that G) ) > 1/N for at most 2N —1 distinct finite
values a. Thus the values a for which ®(a) > 0 may be arranged in
a sequence, in order of decreasing ®(a), by taking first those for which
®(a) = 1, then those, if any, for which ®(a) > 4, then those of the
remainder for which ®(a) > 4, ete. If @, is the resulting sequence
together with a, = 0o, we deduce that

$o@) <2

for any finite ¢ and hence if the sequence a, is infinite we deduce that

i O(a,) < 2
v=0
This proves Theorem 2.4.

2.5. Some examples

Suppose that the equation f(z) = a has no roots. Then N(r,a) = 0,
for all 7, and §(a) = 1. The same conclusion holds if

N(r,a) = o{T(r)}, asr—> R,

By Theorem 2.4 there can be at most two distinet.such values a or,
more generally, at most two distincet values a for which 3(a) > %.

Suppose next that the value a is such that the equation f(z) = a has
only multiple roots. Then

N(r,a) < $N(r,a) < }T()+0(1),
so that Oe) > 1.
Theorem 2.4 shows that there can be at most four distinet such -values
a. An example of a meromorphic function having in fact four distinet
such values is given by Weierstrass’s elliptic function g(z). It satisfies
the equation
(2)2 = {$o(2) —a,}{(2) —a.}{o(2)—as},

where a,, a,, a; are distinet finite numbers. Clearly £’(z) = 0 wherever
@(2) = a, (v =1 to 3), so that all the roots of these three equations
are multiple. Similarly g(z) has only double poles.

If f(2) is an integral function, ®(c0) = 1, and 3 O(a) < 1, where the
sum is taken over finite values a..In this case the equation f(2) = a



2.5 NEVANLINNA’S SECOND FUNDAMENTAL THEOREM 45

has some roots for all but at most one value of a, and some simple
roots for all but at most two values of a. The functions e?, for which
8(0) = 1, and sin z for which 6(1) = 6(—1) = 3}, show that these results
are also best possible.

2.5.1. Let us consider some further examples. Set
w
2= $(w) = [ ((—a)¥mA(e—b)m 3 (t—c)m-1 dt,

0
where a, b, ¢ are distinct complex numbers and m, n, p are positive
integers such that 1/m+41/n+1/p = 1. In these circumstances ¢(w)
maps the circle through the points w = a, b, ¢ on to a triangle in the
z-plane having angles m/m, =/n, w/p. The inverse function can be
analytically continued over the whole plane as a one-valued mero-
morphic function by Schwarz’s reflection principle and the resulting
function w = f(z) is doubly periodic.

The points a, b, ¢ correspond to corners of triangles only and these
roots are taken with multiplicity m, n, p respectively. In fact, if z = 2,
corresponds to w = a, then _

dzjdw ~ k(w—a)tm-1 (2—2y) ~ km(w—a)¥m,
(w—a) ~ {(z—2z,)/(km)}™
as z - 2;. Thus we have
N(r,f,a) = (l/m)N(r,f,a), ®(a’) > l—llmy
and similarly O®) =>1-1/n, O) = 1—1/p.
Since O(a)+0(b)+0(c) < 2 we must have
O(a) = 1—1/m, O@®) = 1—1/n, B(c) = 1—1/p.
=—N(r,a) 1 =— 1N(r,a)
Thus M Twm T T |
Hence §(a) = 0, and similarly 8(b) = 8(c) = 0. Also forz s a,b,c
®(z) = 0 and so §(2) = 0.

Three cases are effectively possible apart from permutations, (i) p = 2,
m=3,n=206,(i)p=2,m=4n=4 and (i) p=m=n=3.

These examples have a certain theoretical interest. Suppose we say
that a value @, has multiplicity at least m, if all the roots of the
equation f(z) = a, have multiplicity at least m,. In this case

— 1 1
N(r»ava ) <7_”L_‘,N(r,awf) <ET(r)f)+0(l);
so that Ba,) =>1——.

m,
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Thus Theorem 2.4 shows that

Z(l—%—)gz

V.
Here 1—1/m, > 3}, so that at most four values a, can exist, and if there
are four such values we must have m, =2 for each of them. The
elliptic function g(z) gives an example of this case.

Next, if there are three values a, we must have 1/m,+1/my+1/mg > 1.
Possible sets of positive integers satisfying this inequality are given by
2,2,m), (2,3,3), (2,3,4), (2,3,5), (2,3,6), (2,4,4), and (3,3,3). The
functions cosz, sinz have the value co of multiplicity at least m for
every m, and the values F1 with multiplicity 2. The cases (2,3, 6),
(2,4,4), and (3,3,3) effectively exist as is shown by our previous
examples and if the equation f(z) = ¢ has only roots of multiplicity at
least 6, then it will certainly have roots of multiplicity at least 3, 4, or 5.
Thus the extreme cases can effectively occur.

2.5.2. Consider next the function
f(z) = fe“' dt, whereq > 2
0 .
We set a, = e?kila fe‘" at (k - 1,2,..,9).
0
Then f(2) — a uniformly as z — oo in the angle |argz— (27k/q)| < =/(29).
We have, for |argz—(27k/q)| < =/(29), .

R q — —1
f(z)—a; = — fe—‘ dt = qzz—l +q f—dt =~ 1{l—i-o 1)}
Thus
1 1 wl(?‘l) .
m(r’f(z)—ak) > %{l+o(})}rq f cos qf d6
—m/(29)

oz (i=1tog)
By a similar argument we obtain for |argz—(2k—1)7/q| < 7/(29)

H —e—.
s = [ e ar = =TEE D oy,

so that m(r,f) = {1+0(1)}£q
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Thus for this function we have

T . m(r, ak) 1
O(az) = 3(az) = }112 Trf)
and §(c0) = 1. Here again it follows from the second fundamental
theorem that ®(a) = 0 for every other value of a. The consideration
of some further results concerning the possible deficiencies of mero-
morphic functions will be deferred until Chapter 4.

(k= 1,2,..,q),

2.6. Deficient functions :

We conclude the chapter by giving some rather simple extensions
and applications of the previous theory. We shall denote by S(r,f)
any quantity satisfying the conclusions of Theorem 2.2, not necessarily
the same each time. We have the following result of Nevanlinna.

THEOREM 2.5. If f(2) ts meromorphic and admissible in |z| < R, and
a,(2), ax(2), as(2) are distinct meromorphic functions satisfying for v =1,
2,and 3

T{r,a,(2)} = o{T(r,f)}, asr—> R, (2.10)
ten (o)) < Y Bz 4 86s), @1
y=1 v

as r — R, where S(r,f) satisfies the conclusions of Theorem 2.2.'
To prove Theorem 2.5, we set '
o) = [O=m() axle)—az)
[ (2)—as(2) ay(z)—a,(2)
and apply (2.9) to ¢>(z), with @, = 0, @, = 1. This gives

T(r,4) < N(r, ) +N( ¢)+1\7(r, #—I)-{—S(r, $.  (212)
Now
T(?’, ) < T(r,f—a3)+T(r, a3)+0(1)
< 2 2ol ) < 7 ) ol )

< T(r, 1+‘;§’:{Z‘)+0{T(r,f)} = T(r,;‘.‘:Z:) +o{T(r,f)},

- in view of (2.10).

Similarly T(r, %) = o{T(r,f)},
and so
Ter,f) < {1+0(1)}T(r,§:2) < {1+o(1)}:T(7’, ¢)+T(r, gi-:_“;—:)}
< {140(1)}T(r,4), asr— R,.
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It follows that S(r,$) satisfies the conditions for S(r,f) as r > R,.
Finally the equations ¢(z) = 0, 1, co have roots only if either

fE)—a,z) = 0

for v = 1, 2, or 3 or if two of the functions a,(z) become equal. Thus

N(r,¢)+N(r, —)—{—]V(r, _1_)

sl 1 = 1 = 1 = 1
S z1 N(r’ f—av)+N(r, al_a2)+N(r, az—as)—‘i_N(r’ a3_al)

14

< Z N(", f—lav) +o{T(r,f)} asr—>R,

Now (2.11) follows from (2.12). It is an interesting open problem
whether Theorem 2.5 can be extended to more than three functions
a,(z) thus resulting in an analogue of Theorem 2.5 with exceptional
functions a,(z) of slower growth than f(z) instead of constants a,.
Theorem 2.5 shows that at most two such functions can have ‘deficiency’
greater than £ but gives no limitation on the number of functions with
deficiency less than or equal to £. (See, however, example, section 4.1.6.)

2.7. Functions taking the same values at the same points

Under what circumstances can two different functions f,(z), fo(2) take
the same value at the same points? We prove the following result of
Nevanlinna.

THEOREM 2.6. Suppose that f,(2), fo(2) are meromorphic in the plane
and let E(a) be the set of points z such that fi(z) = a (j = 1,2). Then if
E\(a) = Ey(a) for five distinct values of a, f1(z) = fa(2), or fi, f are both
constant.

The functions.f)(z) = e-%, f,(2) = ¢%, witha = 0, 1, —1, o0, show that
here 5 cannot be replaced by 4. R. Nevanlinna [1, chapter 5], has also
shown that three or four sets of K (a) are apart from certain exceptional
cases sufficient to determine f(z), if we know in addition the multiplicity
of the roots of the equation f(z) = a. We proceed to prove Theorem 2.6.

We suppose that f,(2), fy(2) are neither both constant nor identical.
Let a, to a5 be distinct and such that the sets F,(a,), Ey(a,) are identical
for v = 1 to 5, and write

MM=NQ—J_J=NQ_L_)@=1mm

fl(z)—av f2(z)_av
Then if f(2) is constant, f,(2) omits at least four values and so is also

t An almost complete answer to this problem has now been given by Chuang [1].



27  NEVANLINNA'S SECOND FUNDAMENTAL THEOREM 49
constant, which is excluded by our hypothesis. Thus we have by (2.9)
as r — co through a suitable sequence of values

{440} T(r,f;) < ;Nv(r)—{—ﬁ(r,f,-), forj =1,2,

and hence {84o(1)}T(r,f;) < % N,(r).
v=1

Thus since f,(2), f,(2) are not identical, we have as r -> co through this
sequence

Tlr,{fi(z)—fo(2)} ] = T(r,fi—f2)+0(1)
5
< TOL)+T0L)+001) < BHo()} 3 Niir).

On the other hand, each common root of the equations f;(z) = a for
j =1, 2 is a pole of {f,(2)—f,(2)}* and so

vgle(T) < N{T, (fl—fz)_l} < T{r’ (fl'?fz)_l}'f‘ 0(1)

This gives a contradiction, unless
5 .
ZINV(T) = 0(1),

which is impossible if f,(z) and f,(2) are not constant. Thus Theorem 2.6
is proved. -

A refinement of the argument will show that Theorem: 2.6 remains
valid if f,(z) and f,(2) are admissible in a finite circle |z| < R,. Suppose
that f,(2), fo(2) are distinct. In this case we shall have outside a set £
for which ar \
< o0,

Ry—r
E .
S W) < (1+o(OHT(r, £)+Tir, f)+O(1)}

v=1
< (1-+001)) 3 i)+ 0flog ).

on using Theorems 2.1 and 2.2 (ii). This contradicts (2.8) so that f,(2)
and f,(z) cannot be admissible.

2.8. Fix-points of integral functions .
Let f(z) be an integral function. Set f;(z) = f(z), and inductively

fra@) = f{f@)} v =1).
The solutions of the equation f,(z) = z are called fix-points of f(z) of

order v. If { is a fix-point of f(z) of order », but of no lower order,
853503 E
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then { is called a fix-point of exact order ». Evidently the functions
[ (z) = €994z, where g(2) is an integral function, have no fix-points of
order 1. If f(z) = 22—z, then the fix-points of f(z) of order 1 are given
by f(2) = 2, i.e. 22—22 = 0, z = 0, 2, and those of order 2 by

fo2) = (B—2)’—(2*—2) = 2,
i.e. 22—22% = 0, so that the fix-points z =0, 2 of order 1 are the only
fix-points of order 2 and there are no fix-points of exact order 2.

We note that if z, is a fix-point of exact order v and if we set
2z, = f(2p—) (» =1,2,...), then 2, 2z, 2,,..., 2, are different, but
Zp4y = 2y, 80 that the z, form a cycle of v points. We prove the follow-
ing result of I. N. Baker.t

TrEOREM 2.7. If f(2) is a transcendental integral function then f(z)

possesses infinitely many fix-points of exact order n, except for at most
one value of n.

2.8.1. We shall need to quote a lemma of H. Bohr [1], the proof of
which we defer (Theorem 6.9, Chapter 6).

Lemma 2.5. Suppose that w = f(z) is regular in 2| < 1 and satisfies
f(0) = 0 and p = max|f)| >

Then f(z) assumes in |2| < 1 all values w on some circle |w| = r, where
r > A and A is a positive absolute constant.
In fact the correct value of 4 is } (Hayma,n.[l]), but we shall not

need this result.
We deduce

Lemma 2.6. If f(z), g(z) are transcendental integral functions and
2) = g{f(2)}, then
T{r,9(=)}
T{r, $(2)}

We set f(0) = C and apply Lemma 2.5 with

-0, asr—> +oo.

¢

__far)—Cc_ .
filz) = (¥, [ @)—C) instead of f(z).

Thus f(2) assumes in [z| <1 all valués w on a circle [w| = R > 4.
Hence f(z) assumes in |z| < 3r all values w on some circle

w—C| = Ry > AM(r,f—C) > AM(3r./)—A|C|.

t Baker [1] Rosenbloom [1] had prev:ously shown tha.t f(2) always has fix-points of
exact order one or two.
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Let 6 be so chosen that

9(C+Rye®) = max_|gw).
lw—Cl=Ro

Then there exists z,, with |zo] < 37, so that f(z,) = C+ R,e®f,
|6(z0)] = 19{f(z0)}| = 19(C+Roe®)| = o X lg(w)]

> max |g(w)| = M{R,—|C|, g(w)},
hwi=Ro~ICI

by the maximum modulus principle. Thus, using Theorem 1.6, we have
T(r,¢) = }log M(}r,¢) = 3log M(R,—|Cl,9) = 3T (R, 9),
where R, = R,—|C| = AM(}r,f)— A+1)]C’|
Now since f is a transcendental integral function we have for any
fixed N and sufficiently large »
AM(}r.f) = V1 4(441)]C),
and thus T(r,¢) = 3T (rV+,g). (2.13)

Now by Theorem 1.3 we know that T'(r,g) is an increasing convex
function of logr, so that 7T'(r, g)/logr is finally increasing and hence

T +,9) = V+1DT(r,9),
for sufficiently large ». Thus

7,4 > T 10, 9),

and this proves Lemma 2.6.

2.8.2. We are now ready to prove Theorem 2.7. Suppose that f(z) has
only a finite number of fix-points of exact order %, {;, {,,..., {, say, and
assume 7 > k. Let z, be a root of the equation f,(z,) = f,_x(2,). Then

fk{fn—k(zo)} = fn—k(zo)»
so that { = f, _.(z,) is & ﬁx-point of order k of the function f(z). Thus
either { = {,, for some v, or { is a fix-point of exact order j less than £,
so that f;({) = {, i.e.

fn—k+j(z0) =fn-k(zo)r and 1 <.7 < k-—1.
Thus :

{ el < Z {”fn_w —fn-k<z}+z {”fn_k =T

= 0[ z T{r, f(@)}] = ol T{r. ful)}]

by Lemma 2.6. In fact f,(2) = fi{ fn_,(z)}, 8o that we may apply Lemma
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2.6 with fi(2), f,—i(2), fn(2) instead of g(z), f), #(z). We now apply
Theorem 2.5 to f,(2) Wlth a,(2) = 2, ay(2) = f,_x(2), and as(z) = o and
obtain for a sequence of » — oo, '

= 1
(oS} < Fn 2 )

If we denote the right-hand side by N, (r), then the contribution of fix-
points of order less than n to N,(r) is at most

:ng(” = O[ZZT{anz)}] = o[ T{r.f,(2)}]

Thus f(2) has infinitely many fix-points of exact order n, and so there
can be at most one value of k£ for which f(z) has only finitely many
fix-points of exact order k. This proves Theorem 2.7.

2.8.3. We conclude by considering the case of polynomials. Follow-
ing Baker [1] we prove

THEOREM 2.8. If f(2) is a polynomial of degree at least 2, then f(2) has
at least one fix-point of exact order n, for every positive integer n, with at
most one exceplion.

Suppose that f(z) has degree d > 2. Then f,(z) has degree d" and so
f(2) has fix-points of every order n. In particular f(z) has a fix-point of
exact order 1. Suppose that f(z) has no fix-points of exact orders n, k
where n >k > 2. We consider i

=2
¢(Z) fn—k

Then the equation ¢(z) = 0 has roots only where fn(z) = 2, and these
roots occur only when f(z) = z for some j < n. Also if j is the exact
order of z, then the numbers z, = f,(z) form a cycle of j points and so
if 2, =2y =2, j|n.T If n = 3, we must have j = 1, so that there are
at most d distinet zeros of ¢(z). If » = 4, any fix-point of exact order
1 is a fix-point of order 2, so that since j = 1 or 2, ¢(2) has at most d?

.distinet zeros. If » > 4, we must have j << n—3, and so ¢(z) has at

most ns
S < dn-t
<1

distinet zeros. Thus in all cases ¢(z) has at most d"-2 distinct zeros.
Aga’in (ﬁ(z) =1 1mp1ies fn—k(z) = f’n(z) = fk{fn—k(z)}’ so that c = fn—k(z)
is a fix-point of f; and so a fix-point of f;, for some divisor j of k with
1<j<k Thus
fj{fn-k(z)} = fn—k+_‘i(z) = fn—k(z)

t j|n means that n is an integral multiple of 5.
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The polynomial f,,__;(2) —f,-x(2) has degree d"—*+i 50 that the number
of different 1-points of ¢(2) is at most

k=2
S dnk+i L Y dnkH L dn if k>3,
] 7=1
and z drk+i = dgr-1 if k= 2.
J

Let N be the number of zeros of ¢'(z) with due count of multiplicity.
Then we deduce that the total number of distinet solutions of the
equations ¢(z) = 0, 1 is at most d»-14d"-% and so the total number of
solutions counting multiplicity is at most ’

N+4-dr-14-dr-2.

Suppose that ¢(z) has ¢ finite poles (multiple poles being counted
multiply). Then ¢(z) has a pole of order d»—d™* at co, and ¢(2) has
dr—dn-¥+4q poles and so 2(d"—d"~*4-q) zeros and ones altogether in
the closed plane, counting multiplicity. Also ¢'(z) has a pole of order
dr—dn-¥—1 at oo and at most 2¢ finite poles. Thus

N < dr—dnk42g—1.

Hence
2(dn_dn—k+q) < N+dn—1+dn—2 < dn_dn—k+dn—1+dn—2+2q_l.
Thus dr < drt4-dn-i4dnt—1 < 2d71—1 < dn—1,

giving a contradiction, which proves Theorem 2.8.

2.9. A theorem of Polya
Poélya [2] used the ideas of section 2.8.1 to prove

THEOREM 2.9. Suppose that f(z), g(z) are integral functions and that
#(2) = g{f(2)} has finite order. Then either f(z) is a polynomial or g(z)
has zero order.

Suppose that f(z) and g(z) are transcendental, since otherwise there
is nothing to prove. In this case it follows from (2.13) that

T(r,¢) = 3T (4, 9)
for all sufficiently large », when N is a fixed positive integer. Since
#(2) has finite order %, say, we deduce that, for all sufficiently large r,
we have by (2.13) TN+, g) < 3rk+,

and setting p = ¥+ we deduce for all sufficiently large p
T(p,g) < 3pH+DINHD,

. Since £ is fixed and N can be chosen as large as we please, g(z) must
have zero order. This proves Theorem 2.9.
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Ezercise (i). Prove that if f(z) is a non-constant integral function,
9(2) a polynomial of degree N, and ¢(z) = g{f(2)}, then

T(r, ¢)

T(r,9)

Exercise (i1).T If f(z) and g(z) are transcendental integral functions
and ¢(z) = g{f(2)} prove that
T(r, )

T(r.f)

[If ¢(z) has distinct zeros at w;, ws,..., w, prove that

53> 20 )

v=1

1 < 1
mlr, =) = > m|r, ———]—0(1).
(4> 2. (» fr=) o
If g(2) has infinitely many zeros the result follows. If not, we apply the
above argument to 14-g(z) instead of g(2).]

— N, asr—>oo.

— 00, asr — 0.

1 This result and its proof is due to J. G. Clunie [2]. He also notes that the corre-
sponding theorem for log M(r) is false. It is possible to construct an integral function

f(z) such that log M(r, ef) B
log M(r,f)

7—0
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DISTRIBUTION OF THE VALUES OF
MEROMORPHIC FUNCTIONS AND THEIR
DERIVATIVES

3.0. Introduction
IN this chapter we consider some further applications of Nevanlinna’s
theory. For the sake of simplicity we shall confine ourselves to the
study of functions meromorphic in the plane although most of the
results extend to functions of sufficiently rapid growth in the unit circle.
‘Let f(z) be meromorphic and not constant in the plane. We shall
call an error term and denote by S(r,f) any quantity satisfying
8(r, f) = ofT'(r, f)} (3.1)
asr — oo, possibly outside & set of  of finite linear measure. Through-
out this chapter we shall denote by a(z), @y(2), a,(2), ete., functions
meromorphic in the plane and satisfying
T{r,a(z)} = S(r, ), asr—> +4oo. (3.2)
3.1. Milloux theory
- For our estimations a basic role will be played by the following result
of Milloux [1]. ‘
THEOREM 3.1." Let | be a positive integer and

§e) = 3 0,(6) £ BNCE)

P(z)\ _ .
Then | m(rf f_(z_)) = 80, f), (3.4)
and T(r,$) < (+1)T(r, f)+8(r, f). (3.5)

We consider first the case yi(z) = f®(z) and prove Theorem 3.1 in
this case by induction on I. We have by Theorem 2.2 that

m(r, ‘g—,) = S(r,f)

in this case. Suppose we have already proved that
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for some integer I. We deduce that

mir,f0) < m( $)+m<n £) = mr, £)+80; ).

Also if f(2) has a pole of order k at z,, f®(z) has a pole of order
| kL < (1)
there, so that N(r, fO) < (4+1)N(r, f).
Thus by addition we deduce that
T(r, fO) = m(r, fO)+N(r, fO) < m(r, f)+C+1)N(r, f)+8(, f)
< (DT, £)+8(, f),

and this proves (3.5) in this case.
We deduce that

mlr, L) = 80,100 = of, 1) = o((r, 1)
f(l) ) ) b b
as r — oo outside a set of finite linear measure. Thus
. (l+1 +1) ()
nn L ) <mlr L)+l L) = se.n+56.1 = st 5).
This completes the inductive proof in case i(z) = fO(z)
To deal with the general case note that -

ol 1) < Z’"( O g 0
<§:[m{nav(z)}+m( A f(z )]+log(l+1)
1

<3 8(r./)+0(1) = 8(..).

This proves (3.4). Furtheér we have

m(r,¢)<m(r, §)+m< £) < mie, f)+5 f).

Also if f(z) has a pole of order p at z, and the a,(z) have poles of order
at most ¢ there, then () has a pole of order at most

p+l4+q < (41)p+q
at z,. Thus

N(r,g) < (+1)N +ZN{7', W(2)} < (H1)N(r, f)+8(r, f).
Now we deduce (3.5) and the proof of Theorem 3.1 is complete.



3.2 MEROMORPHIC FUNCTIONS AND THEIR DERIVATIVES 57

3.2. Milloux’s basic results

It was shown by Millouxt that in the second fundamental theorem
we can replace the counting functions for certain roots of f(z) = a by
roots of equations y(z) = b, where y(2) is given by (3.3). In this con-
nexion we have the following:

THEOREM 3.2. Suppose that f(z) is meromorphic and nwon-constant in
the plane and Y(z) is given by (3.3) and is not constant. Then

70, f) < N )1+N{r 1) +5(r S7{—1)—1\7( J)sen,

where tn Ny(r, 1[{") only zeros of {/(z) not corresponding to the repeated
roots of Y(z) = 1 are to be considered.

Note that this result reduces to Theorem 2.1 when i(z) = f(z) and
g = 3. We apply Theorem 2.1 to y(z) and obtain

mir, ¢>+m(r, S%)er( — 1) < 2T(r, ) — Ny(r, )+ S(r, §).
(3.6)

Now
T(r, ) — Ny(r, ) = mir, ¢>+m(r,

il)+N(r, D+N (r, ﬁ)

_N(r, S%)—ﬂwn¢>+zxf(r,¢')+0(1). (3.7)

Again at a pole of y(2) of order I, ¢(z) has a pole of order (41). Such
poles occur only at poles of f(z) or of the a,(z). Thus

N(r,¢/)=N(r,$) = N(r,$) < N(r.f) +ZN{“1 (@)} < N(r.f)+8(r.f).

Further, af a zero of Y(z)—1 of order [, )'(2z) has a zero of order [—1,

so that
1 1 = 1 1
N(r, )—-N(r, _,) _ N(r, —-)—N(r, _,).
g1 v 1)y
Again, by (3.5)  8(r,) = o{T(r, )} = o{T(r,f)}
outside a set of finite linear measure, so that

S(r, ) = S(r,f).
Thus (3.6) and (3.7) yield

m(r, %) < N(r,f)+N(r, ﬁ)——No(r, %)—I—S(r, £ (38

t See Milloux [1] for a slightly weaker version of Theorem 3.2 and other results of
this general nature.
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Again we have

o=l rfdjeon
e e ol

et s

by (3.4) and now Theorem 3.2 follows from (3.8).
As an immediate consequence we have

THEOREM 3.3. If f(2) is meromorphic and transcendental in the plane
and has only a finite number of zeros and poles, then every function J(z)
given by (3.3) assumes every finite complex value except possibly zero
infinitely often, or else Yi(2) is identically constant. .

The case when )(z) is identically zero can in fact occur. We may
take for instance f(z) = €@, and J(z) = f'(2)—g'(2)f(z). Suppose now
that i)(z) is not constant. Then Theorem 3.2 shows that

T00.f) < (r, 2 }+800.)+000g ),

or (14+0(1)T(r,f) < N(r ¢i1), (3.9)
as r - +oo outside an exceptional set of finite linear measure. Thus
the equation ¥i(z) = 1 must have infinitely many roots, since otherwise
we should deduce T(r, f) = O(log ),

o that f(z) would be rational. If w is any complex number other than
zero the same conclusion holds with y(z)/w instead of ¢)(z), so that the
equation y)(z) = w has infinitely many roots. ‘

It is worth noting that (3.9) in fact yields a good deal more than
this. Since f(2) has only a finite number of poles,

N ) < ()N f) +o{T(r )} = o{T(r. 1)),
mir, ) < m(r, ]-”;)er(r,f) < {140 (W}T(r 1)
by (34). Thus  T(r,4) < {1-+0 (}T(r 1),

and so (3.9) shows that outside a set of finite linear measure,

1+ IT(f) < Nr, 225) < Tlr)+00) < (40 (Y70 1)
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Thus if w is any complex number other than zero,

o)~ T ~ T )

N (r,

¢
as r - oo outside a possible exceptional set of finite linear measure.
In particular either y(z) is constant or ¥(z) has no finite deficient values
except possibly zero.

3.3. Exceptional values of meromorphic functions and their
derivatives
In this section we consider the special case )(z) = fO(z), where [ is
a positive integer. We shall see that it is possible in this case to obtain
the conclusion of Theorem 3.3 without making any assumptions about
the poles of f(z). However, we first prove the much more elementaryt

THEOREM 3.4. Suppose that f(z) is a transcendental meromorphic
Sfunction in the plane and P(z) = fO(z). Then in the notation of Theorem
2.4 we have 1

< 14—
a;wG(a,tll) St
In particular (z) assumes every finite value with at most one exception
infinitely often.

At every pole of f(z) of order p, () has a pole of order p+4-1 > 1+41.

Thus _
) < 7y M) < 1 T
and so, in the notation of Theorem 2.4,
l
O(co0, %) = IF1

Now Theorem 3.4 follows from Theorem 2.4.

Ezxercise. Iff(z) = tanz, l =1, J(z) = sec’, ®(0) = 1, since yi(z) 5% 0,
and ©(1) = 1, since 1—sec?z = —tan?: has only repeated zeros. Thus
in this case the bound 1+-1/(!+41) in Theorem 3.4 is sharp.

3.3.1. Tt follows from Theorem 3.3 that if f(z) is transcendental and
has only a finite number of zeros and poles then the exceptional value
which is not taken infinitely often by f@(z) can only be zero. We shall
see that in this result it is possible to suppress completely the hypo-
thesis about the poles of f(z). We have, in fact,t

1 Hayman [5].
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THEOREM 3.5. Suppose that f(2) is meromorphic and transcendental in
the plane. Then as r — o0

T(r’f)<(2+%)N(r’fl)+(2+%) (f“) 1)+S’f)

CoROLLARY. FHither f(z) asswmes every finite value infinitely often or
FO(z) assumes every finite value except possibly zero infinitely often.

We shall need Theorem 3.2 together with the following:

Lemma 3.1. If (2) = fO(z), Ny(r,1/{') is defined as in Theorem 3.2
and Ny(r,f), Ny(r,f) denote the N functwns with respect to the simple and

multiple poles of f(z) respectively, each pole being counted only once, we
have

— —= 1 . 1
N0) < Falr 1B g e Mol )+ 800
BV ) G 1V
Woset 0= o = g

Then we have at a simple pole z, of f(2)

1&) = Z2-+oq),
where a # 0. Differentiating ! times we deduce that
(— 1)+l
—§(z) = 1—f0(z) = (e—zgy +0(1)
= L 0z,

A further differentiation yields
(—1)+1g(l4-1)!
fE() = T e—z)
(_ 1)l+1(l+ 1 l+1
al!
so that g(z,) # 0, 00, but ¢’(2) has a zero of order at least [ at 2,.
Now Jensen’s formula applied to g’(z)/g(z) shows that

N(r, g)—-N(h g_’) = m(r, g—’)—m(r, g,>+0(1).
g g g g
The left-hand side is
1 - 1 1 1 =
» —N ) ‘—N y =N y = —N(r,—)—N 7,
N(r,g)+N(r g,) (r.) (r g) (r g) DN

= lvo(r’ }) '_N(r, -;)—-N(T, g)’

{1+0 (2—20)"*%.

Thus Cog(r) = {14 0(z—2z,) 1},
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where in Ny(r, 1/g’) only zeros of g’ which are not zeros of g are to be
considered.
By our above analysis,

ml(r,f)<zvo(r,gl,)< ( )+N(r,g)+m(r, )+0(1)

Clearly zeros and poles of g(z) can occur only at multiple poles of f(z),
or zeros of Y(z)—1, or zeros of y’(z) other than zeros of )(z)—1. Thus

= 1\ = = 1 = 1
)+ ¥ < N(r,—_) Ny, N(r,—,).
(1 2)+Fs9) < Bl s -t )+ Mol
Again by Theorem 3.1 we have, outside a set of finite linear measure,
m(” ’ %) = o{T(r,g)} = o{T(r,fE)}+0o[T{r, 1—fO@)}] = o{T(r.f)}-
This proves Lemma 3.1.

3.3.2. We can now complete the proof of Theorem 3.5. We apply
Theorem 3.2 with )(z) = f©(z), and use the fact that in N(r,f) multiple
poles are counted at least twice. Thus

Nl(r:f)+2N2(r’f X N(?‘,f T(?‘,f)
1 1
< ’ N ) N P —N Py S ) .
e e e R R
Since N(r,f) = Ny(r,f )—{—Nz(r, f) this gives
== 1
N » 5 N ’ ‘—N ’ S ’
) <N )8 ) =5 s
On combining this with Lemma 3.1 we deduce

INr, f) Nz(r,f)—!—N(r, - )+N(r )+S<r,f

< ( f)+2N(r, = )+S(r,f)
Thus
N(r.f) = Ny(r,f)+Nyr,f)

1 1 2\ = 1
< ot il o
< (““z)N(” f)+(1+l)N(r, ¢_1)+S(r,f)-
On substituting this inequality in Theorem 3.2 we obtain the inequality

of Theorem 3.5.

Suppose now that w,, w, are complex numbers such that wy # 0,
and set

F(z) = f__(z)u:;wl.
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Then we have .
T(r,F) = T(r.f)+0(1),  S(r, F) = 8(r,f).
We may apply Theorem 3.5 to F(z) and obtain
T(r.f) < T(r, F)+0(1)

< (2 +%)N(r, %) + (2 -}-%)N(r, le_ 1) +8(r, F)

= (4P o)) s
If the equations f(2) = wy, f®(z) = w, have only a finite number of
roots, we deduce
{140 (1)}T(r,f) = O(logr) asr—> o0,
so that f(z) is rational, which contradicts our hypotheses. This proves
the corollary to Theorem 3.5.

3.4. Zeros of meromorphic functions and their derivatives. A
theorem of Polya

We have seen that if f(z) is transcendental and the equation f(z) = a
has only finitely many roots then all derivatives of f(z) assume every
finite value except possibly zero infinitely often. If f(2) is rational, then
f(z) assumes in the closed plane every complex value equally often with
due regard to multiplicity; hence f(z) assumes in the open plane every
complex value except perhaps f(co). Thus if f(2) 7 w, where w is finite,
then

f(z)=w+9—i—ll, as z — oo,
fl(z) — _qi_;_l)’ f(l)(z) —_ _ZIL-{-Iiz’ as 2z —> OOL

so that f®(z) assumes in the open plane every complex value except
possibly zero.
The value zero does in fact play an exceptional role. If

fz) = edz+B Ly, or f(z) = (Az+B)""4w,,

where 4, B, w, are complex constants such that 4 # 0 and » is a posi-
tive integer, then f(z) % w,, f®(z) # 0 for I =1, 2,.... However, we
shall see that these are the only functions with this property. We
prove first the following result of Pélya [1].
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THEOREM 3.6. Suppose that f(z) is meromorphic in |2—z,| < R, where
0 < R < o0, and has at least two distinct poles there. Let r be the radius
of the largest circle with centre z, containing no pole of f(z) in its interior.
Then

(i) ¢f the circle |z—zy| = r contains at least two distinct poles of f(z),
then for every positive 8, the equation fO(z) = 0 has roots in |[z—z,| < §,
when 1 is sufficiently large;

(ii) of the circle [z—z,| = r contains only one pole of f(z), then if & is
sufficiently small, fO(z) - 0 as | - oo uniformly in |z—z,| < 3.

CoroLLARY. For all sufficiently large 1, fO(z) has zeros in every disk
tn which f(2) is meromorphic and has at least two distinct poles.

3.4.1. Proof of (ii). Suppose without loss of generality that z; = 0.
Take p > r and such that f(z) has no poles in » < [z] < p. Suppose
first that f(z) has exactly one pole {, = re® on |z| = r. Let g,(z) be
the principal part of f(z) at {,. Then ¢(z) = f(z)—g,(2) remains regular
in |z] < p. Suppose that |¢(2)| < M in |z] < pand that 0 < 38 < p—r.
Then if |z] < 3 we have |¢( {)] < M for |{—z| < r+428, and the Cauchy

inequalities give Ml
149(2)] < _' (3.10)

On the other hand go(z) = Z %

where a, # 0. Thus
90(z) = z (=Dv(v+1)...v4-1—1)a,

AR

Also as [ — oo,
votl)..v+i—-1) _ Te+DI(p)  T(#)_,
P+ (=1 T+II6) ~ T()
for 1 < v < p. Thus we have uniformly for |z| < §, and all large [,
1T(p+]) o]
2 T(p) (r+op+

Lp+D) (r+28) 28\ 1 w
o I = \r5) GFop
Thus we have from (3.10) as ! - oo uniformly for |z| < 8,

9P @) > 5

Now as I - o0,

_ o, T(p+) MU
[f(l)(z)l - ,g(()l)(z)+¢(l)(z)l > 2]_"(;))(7‘—]—3)””_(7‘-{-28)1

> (4o () g2k TEED - o
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This proves (11) when zy = 0. The general case follows by considering
fzo+2) instead of fz).

3.42. Proof of (i). Suppose next that the circle |z|‘ = ¢ contains
exactly two distinet poles of f(z), {, = rei® and {, = re?®;, where
0 < 6y < 6, <27 Let gy(2) be the principal part of f(z) at z, and
¢.(z) be the principal part of f(z) at z;,. We suppose that f(z) has no
singularities in r < |z| < 7433, so that

£@) = go2) +01()+$(2) |
where ¢0(2) satisfies (3.10) uniformly for |z| < 8. Our previous analysis
shows that we have for |2| < §, uniformly as I - oo,
g0 (z) ~ (— l)leP(Z"H)’ g0 (z) ~ (—1)y4, F(Q-H)’
L(p)z—Lo)P+ I(g)(z—{,)2+
where 4,, 4, are non-zero complex constants and p, g are positive
integers. We now consider the equation
9 = ge)+9()+40() = o,
r AoP(P+l){l+51(z)}+A 1 T(g+I{1+-es(2)} -
Tl | T@e—L)
where €,(2) > 0, €,(2) >0 as I - oo, uniformly for |2| < 5. We can
write this as
_(Z—Cl)’AoF(Q)P(P+l)(—C1)"
—Lo) 4, T(o)T(g+I(—Lo)?
_ =@ {1t @)} | (=1V%)T(@) =LK (=4 z—E)"
{1—(2/L)}{1+«(2)} A; T(g+D){1+€(2)}(—Lo)
(3.12)
Using (3.10) ‘we see that the right-hand side of this equation tends to
{1—(2/L)P{1 —(2/L,)}9, as I — oo, uniformly for |z| < 8
—4\ 4 T(@T(p+D)(—=4,)*
We now set w! = —(Z Cl) 2 r,
z—Lo A T(P)T(g+I(—Lo)?

+(=1)¢0(=z) =0, (3.11)

so that w=c Z_"_%l (3.13)
]
_[_ 4. L@ (@+D(=)\ "
where a= { 4, P(p)r(q+l)<—co)v}

is so chosen that |arge,(l,/{,)] < =/l. Evidently ¢ > 1, so that
¢,/ —>1 as I - H-o00.

We wish to show that given 8 > 0 the equation (3.11) has a root in
l2| < 8, if I is sufficiently large. Given 8 > 0, we choose 7 so small that
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for all sufficiently large I, the points satisfying |w—1} < % correspond
entirely to points in |z| << & by (3.13). This is possible since z = 0
corresponds to w = ¢;{,/{,, which tends to 1 as I - +o0, and 3, {, are
fixed. In terms of w the equation (3.12) can be written as
w = (1——) (1—-—) +o = l+¢(w),
) 4

say, where |p(w)| < 4 if |2| < 8y and 3y is a sufﬁciently small positive
number, depending on p, ¢, and 8, and if further ! is sufficiently large.
Thus [Y(w)| < %, if jw—1| < 54, and I > 1,

3.4.3. To complete our proof we need to show that if  is sufficiently
large the equation w* = 1-4y(w) has a root i in lw—1] < ng. This result
is contained in

LeMMma 3.2. Suppose that y(w) is reqular and satisfies [Yi(w)| < % for
[w—1| < 7y, where n, 18 a fived positive number. Then there exists I,
depending only on m,, such that if 1 > 1, the equation w = 14-(w) has
at least one root in |lw—1| < n,.

Set 0, = 7fl, r, = e, r, = e, p(w) = 1+(w), and consider the
variation of arg{¢(w)—w'} along the closed curve € consisting of Cj,
C,, C,, C, described in turn, where:

C, is the arc w = ryetf (—0, < 8 < 6,);
C, is the straight line from r, e to r, ei;
C; is the arc w = r,e~% (—0, < 0 < 6,);
C, is the straight line from r, e~ to r,e=ib,
We suppose that ! is so large that C lies in [w—1| < . On C},.

arg{¢(w)—;w’} = arg(—1)+ l&rgw+arg(1 $(w) )

also the variation of largw is precisely 2, while
)] < 2 <1,
so that the variation of arg[1—{¢(w)/w?}] is greater than —=, Thus the
variation of arg{¢(w)—w?} on (| is greater than =. On G, and C,, w* is
real and negative and on C;, |[w'| <3} Thus on G, C; and C,
d(w)—w! = 1—w!+f(w) has positive real part and so the variation of
arg{¢(w)—w%} on the union of these arcs is greater than —=. Hence
vargarg{¢(w)—w} > mr—n = 0,
and so ¢(w)—w' has at least one zero inside C, and Lemma 3.2 is

proved.
853503 F
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It follows from Lemma 3.2 that if f(z) is meromorphic in |z| < r
and has exactly two poles on the circle |z| = » and none in |z| <7,
then given & > 0, fO(z) has a zero in |z| < & if | is sufficiently large.
By applying this result to f(z,+2) we see that if the circle |zp—z| = r
has two poles of f(z) on its circumference and none in its interior then
f%z) has a zero in |[z—z,| < 8 for all sufficiently large I.

Suppose finally that f(z) has no polesin |z—z,| < r but ¢ > 2 distinct
poles on |z—z,| = 7, 2, = 2y+re? say, where

<0, <0, <..<0,<2m

Then if 2’ = z,-}tet®:+8, where ¢ is a small positive number, the disk
|z—2'| < |2;—2| has exactly two poles of f(z) on its circumference and
none in its interior and so the disk [z—z2'| < ¢ contains a zero of f®(z)
for sufficiently large I. Thus the disk |z—z,| < 2t contains a zero of
f®(z) for sufficiently large I, and the proof of Theorem 3.6 is complete.

3.4.4. To prove the corollary, suppose that the disk [z—z,| < r con-
tains at least two distinet poles of f(z), and let z, be a pole of f(2) nearest
to z,. If there is another pole z,, such that |z,—zy| = |z,—2|, the
corollary follows from the main theorem. If not, let z, be a pole of
f(z) such that the disk |z—zy| << |2,—2,| contains no pole of f(z) other
than z,. Set 2(f) = (1—t)2y+tz,. Then [2(0)—z,;| < [2(0)—z,| and
|2(1)—2,] > |2(1)—2,] = 0. Thus we can choose ¢ such that 0 << ¢ < 1
and for 2’ = #(t) we have |2'—z,| = |2'—2,|. For any other pole or
singularity z; of f(z) we have )

les—2"| = [za—2| — 2" —20| = lra—2|— |2’ —2o| = [2a—7'|.
Thus the conditions (i) of Theorem 3.6 are satisfied with 2z’ instead of
2, and'so any disk containing 2z’ contains zeros of f@(z) for sufficiently
large I. In particular the disk {z—z,| < r contains such zeros and the
corollary is proved.

3.4.5. We can use Pélya’s Theorem 3:6 to prove (Hayman [5]):
THEOREM 3.7. If f(2) is meromorphic in the plane and f®(z) has no

zeros for 1 =0, 1, 2,..., then f(z) = eAHB or f(z) = Az-{—B)'", where
A, B are constants such that A # 0, and n is a positive integer.

It follows from Theorem 3.6 that f(z) has at most one pole. Set

=& _ {feP—fe)f"@)
O=fey TO=7 o
so that g(2)—1= —f @) f

{f'(2 }2
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Clearly ¢g(z) = 0 only at poles or zeros of f(z), so that g(z) has at most
one zero. Further ¢g’(z) = 1 only at zeros of f(z) or f”(z), so that
g'(z) # 1. It now follows from Theorem 3.5 that g(z) must be rational,
and since g'(z) # 1,

in 1
9'(2) = 1+P—(£5’ (3.14)
where P(z) is a polynomial. But since f(z) has no zero and at most one
pole 2, f(2) = (z—2p)~" €@
1 ! /
L_LE__ " g,

9() [ 2—2
where 7 is a positive integer or zero, and @'(z) is an integral function.
Thus Q’'(z) is a polynomial. Suppose now that ((z) is not constant.
Then if Q'(z) = C # 0, or Q'(z) - o0 a8 z - 00, ¢g(z) remains bounded
at oo and ¢'(z) > 0 as z > co. This contradicts (3.14) unless g'(z) = 0
in which case g(z) = constant and f(z) = e4#+B,

Alternatively Q(z) = constant and f(z) = (z—z,)~" €€, or

fz) = (Az+B)™.
3.5. The theory of Tumura-Clunie

While Theorem 3.7 applies to all meromorphic functions the hypo-
thesis that none of the derivatives of f(z) has any zeros is rather strong.
It is not known whether the conclusion holds under significantly weaker
hypotheses for general meromorphic functions. If we assume that f(z)
has finite order, or more generally that

lim log n(r,f)
T logr
where n(r,f) is the number of poles of f(z) in |z| < r, then the con-
clusion of Theorem 3.7 hofds when ff’f” s 0 (Hayman [5]).

A corresponding result for functions having at most a finite number
of poles was first proved by Saxer [1] and Pélya. For integral functions
it was shown by Csillag [1] that if f(z) f®)(z) f™(z) # 0, where m > p > 0,
then f(z) = e4*+B. However, these results are contained in the follow-
ing even stronger

THEOREM 3.8. Suppose that f(z) is meromorphic and has only a finite
number of poles in the plane, and that f(z), f®(2) have only a finite number
of zeros for some I = 2. Then

= f_liz_) Ps(2)
fl2) = B
where P, P,, P, are polynomials. If, further, f(z) and fO(z) have no zeros,
then f(z) = e4*+E or f(2) = (4dz2+B)~™".

<+,
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Theorem 3.8 was stated by Tumura [1] but his proof contained
serious gaps. A proof in the case I = 2 using the approach given in the
previous section was given by the author [5] and the theorem in its
general form was first. correctly proved by Clunie [1]. We shall proceed
now to develop the Tumura—Clunie method. It is based on the study
of the zeros of certain polynomials in f(z) and the derivatives of f(z).
We remark that Theorem 3.8 is false when [ = 1. If f(z) = €9, where
g'(2) is any integral function without zeros, then f(z) # 0 and

f'@) =¢'@)f(k) #o0.

3.5.1. We recall the notation of section 3.1. We shall continue to
suppose that f(z) denotes a basic meromorphic function in the plane
which we shall assume to be not constant, and that a(z), a,(z), ete.,
denote functions meromorphic in the plane and satisfying

T(r,a,(2)) = o{T(r.f)},
except possibly for a set of » having finite linear measure. We shall be
concerned largely with meromorphic functions %(z) which are poly-
nomials in f(z) and the derivatives of f(z) with coefficients of the form
a(z). Such functions A(z) will be called differential polynomials in f(z).

The following lemma is fundamental to Clunie’s theorems.

LemMAa 3.3. Suppose that f(z) s meromorphic and transcendental in the
plane and that 1Er"PE) = Q@)
there, where P(z), Q(z) are differential polynomials in f(z) and the degree
of Q(z) is at most n. Then

m{r, P(2)} = S(r,f) as r—> +oo. o~
We have ~.
2m
2mmfr, P(2)} = j log*| P(rei)| d6

< j log*| P(re)| d6 + j log+| P(re)| 46,
& &

where &, is the set of 8 in 0 < 8 < 2n for which |f(re®)| < 1, and &,
is the complementary set. By hypothesis P(z) is the sum of a finite
number of terms of the type

F(z) = a@@)f@)"f ()" ... f Oz

where I, I,,..., [, are non-negative mtegers. Hence, in &,

ﬁh
. f

’

f

h

[F(2)| < la(z)
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and hence
log*|F(@)] < log+la@)|+ Z toge ).
_ (z)
Thus log*| P(rei®)| d8 < m(r, a)-+0 f
Jroerime (>l )

< 8(r.f)
by Theorem 3.1 and condition (3.2). Thus by addition
flog+|P (re®®)|do = 3 f log*| F(re®)|d6+0(1) = S(r,f).
F &
Next let &, be the set of 6 where |f(z)| = 1. The polynomial Q(z) is
the sum of terms of the type

AQf @Pof (2. fOz)P, where 34 <n
=0

Thus on gé
rel= ‘f( o 2, Rf RN @) f )
| <3 |l (2
Thus again

é{log*‘lP (re®)|d6 < 0[ zv: m(r,Jif(-t-))—}-m{r, a(z)}] = 8(r,f).
1 i=1

This proves the lemma.

3.5.2. We shall prove a slight generalization of previous results of
Tumura [1] and Clunie [1].

THEOREM 3.9. Suppose that f(2) is meromorphic and not constant in
the , that n . '

plane, tha 96) = F@"+ Pos(), (3.15)
where P,_\(f) is a differential polynomial of degree at most n—1 in f,

and that 1
N(r,f)+N(r, (—}) = S(r,f).

Then g(z) = h(z)", h(z) = f +(1/n)a(z) and h(z)*~'a(z) is obtained by
substituting h(z) for f(2), k'(2) for f'(z), etc., in the terms of degree n—1
n By (f)

Thus g(2) is of the form (f+a/n)"?, where a is determined by the terms
of degree n—1 in P,_,(f) and by g(2). We note the following special
cages. If

P,_,(f) = ay(2)f*-+terms of degree n—2 at most,
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then hr-la(z) = aq(z) A,
80 that a(z) = ay(2),
and 9(2) = (f(z)_l_a_(;%(z_))".

The case which is relevant to Theorem 3.8 is that in which
P, (f) = ay2)f'f n-24 terms of dégree (n—2) at most.

In this case

hrla(z) = ag(2) A2, alz) = ay(2) % = 7_) 9_(_))
— ao(2) g'(2)\"
ote) = (o + 22 LE)”

3.5.3. Proof of Theorem 3.9. We note that by (3.15) g(z) can have poles
only at poles of f(2) or of the coefficients a,(z). Let I be the order of
the highest derivative f®(z) occurring on the right-hand side of (3.15).
At a pole of f(z) of order p, f@(2) has a pole of order at most

P+ < (+1)p,
and so g(z) has a pole of order at most n(l4-1)p-4k, where k is the sum
of the orders of the poles of all the coefficients a,(z). Thus

N(r,g) < n(@+1N(r,f)+ 3 Nir,a,(2)} = S(r.f)
by hypothesis. Also

m(r,g) < 0[ 3 m{n [0+ 3 mir,a,@)] = O{T(.)}
outside a set of finite linear measure, so that

T(r,g9) = O{T(r,f)}
outside a set of finite linear measure and
NQQ:&M)

by hypothesis. Thus

N(r,%") < N(r,g)-{-N(r,é) = S(r,f)
and by Theorem 3.1 m(r, %') = 8(r,f),

80 that ay(2) = ¢'(2)/g(z) satisfies (3.2).
We now differentiate (3.15) and obtain

nf "+ Qs (f) = ¢'(2), (3.16)
where Q,_, = dP,_,/dz is a differential polynomial in f of degree n—1.
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In fact if a(z) satisfies (3.2) so does a’(z) by Theorem 3.1. We multiply
(3.15) by g'/g and subtract from (3.16). This gives

f”"(nf A f)+Tn-1 fy=o. (3.17)

The polynomial 7,_,(f) satisfies the conditions for Q(z) of Lemma 3.3
with n—1 instead of n. Thus we deduce that

m(r,nf’—%'f) = S(r,f)

as r — —+-0o0.
Again the function

Fe&) = £6) = L8162

has poles only at poles of f(z) or g’(z)/g(z) and so we have
N(r, F) < 2N(r,f) +N(r, %) = o{T(r,f)),

outside a set of finite linear measure. Thus
' T(r, F) = S(r,f)
and so F(z) satisfies the condition (3.2) for a(z).

3.5.4. We need next ‘

LemMa 3.4. If with the hypotheses of Theorem 3.9 m,_,(f) 18 a homo-
geneous differential polynomial of degree n—1 in f, and h(z) is defined
formally by the equation

Mo _ 196
o) g
then sl ) = (L) mcs® 420l ),

where p,_o(f) is a differential polynomial in f of degree n;-2 at most.t
We have just- proved that
f'(2) = $(2)f () +alz),
where P(2) = K _ = l 7@ and a(z) = F(z)

satisfy (3.2). We deduce that
" =¥+ +a'(2) = ' f+lf+a)+a’
= A e,

t In general h(z) has complicated singularities, but h'~%m, (k) is a differential poly-
nomial in k'/k = (1/n)g’/g and so is meromorphic and in fact an a(z).
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where a,(z) satisfies (3.2), since (2) and a(z) do. By induction we

btai
v 1O = TW)f+a(2)
where T'(}) is a certain differential polynomial in i which is inde-

pendent of a(z), and ayz) satisfies (3.2) and further a,(z) = 0 if
a(z) = 0. Writing A(z) instead of f(z) so that Rh'(z) = ¢(2)h(z), we
deduce that KO = Ty

80 that fO = __f 2)+a,(2)

We deduce that if ny+n;4...4n7, = n—1,
, R\ 71 (p"\ s O\,
S o 1 [ 4 e e

= J;,Tlhno(h') - (O o(f),

where p,,_,(f) is a differential polynomial in f of degree at most n—2.
Now Lemma 3.4 follows by addition.

3.5.5. We can now complete the proof of Theorem 3.9. We substitute
) — P ()
f'2) = Wf(i)-{-F(Z)
in (3.15) and use Lemma 3.4. Then

prama® a1 (1) =y,

hn-1
where L, _,(f) is a differential polynomial of degree at most n—2 in f.
Setting a(z) = M-, (R),
He) = f) +22,

we may write this as | :
Hizy"+ M, o(H) = ¢(2), | (3.18)
where M, _,(H) is a differential polynomial of degree at most n—2 in H.
We can now again differentiate (3.18) and eliminate g(z). We obtain
the analogue of (3.17), namely

Hn-1 nH'(z)—%: H(Z)} = Qn—2(H)s

where we note that this time the polynomial @, _, has degree at most
n—2. We may thus apply Lemma 3.3 to both

P(z) = nH'('z)_%' H()
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and P(z)H(z) instead of P(z). We deduce as before that
T(r, P) = S(r.f)

and T(r, PH) = S(r,f).
Hence if P(z) is not identically zero we deduce

T(r, H) < T(r, PH)+T(r, 1%) — 8(r.f).
This gives a contradiction since then also

T(r.f) < T(r, H)+T(r,_i_))+0( = 8(r.f).

Thus P(z) must be identically zero and

Hz) — g()’

where c is a constant. A
We can finally prove that ¢ = 1. For otherwise we should deduce

from (3.18) that (1—o)H 4+ M, _,(H) = 0.
A further application of Lemma 3.3 now yields that
m{r,(1—c)H} = S(r, H) = 8(r,f),

n EI@ _9'() g(z) = c{Ii(Z)}",

and since a(z)
N, H) < N+ 3(n%2) = 5.1,
by hypothesis, this yields
T(r,H) = S(r,f)
giving a contradiction as before. Thus ¢ =1 and Theorem 3.9 is
proved, since we can now set H(z) = h(z).
3.5.6. We now return to the proof of Theorem 3.8. We-need

LeMwMA 3.5. Suppose that F(z) is meromorphic in a domain D and set
f(z) = F'(2)] F(2). Then we have for n > 1

(")(z __fn =D pu-spr g frespr b, fresf2i B (f),

where a, = %n(n&—l)(n-— b, = In(n—1)(n—2)(n—3), and P,_5(f) is
a differential polynomial thh constant coeﬁments, which vanishes identi-
cally for n < 3 and has degree n—3 when n > 3.

We prove the result by induction. It is clearly true for n = 1, with
a, =b, =P_ 2( f = 0. Suppose it is true for n. Then

Foz) = F)(f7+n(n—1)f-2f ' +a, fr-"+b, fr~4 21 P, ).
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We differentiate and set F’' = fF. This yields

Fe0(e) = FG)(nf »=if +dnln—1)f %"+ fn(n—1)(n—2) =3+
Hf T —Df* Y 40, o b frf 2+ By ),

where P,_, = (d/dz)(a,f3f"+b,f"4f ’2)+P;_3+an_3 Thus

F(n+1) ”
e R R
+ (b +————(" Q=) prosp et B

This completes our proof by induction. We also see that if » =1, 2,
a, =0b,=F, 3=0,s0that B,_, = 0. Thus , = 0, P, = a5f" = f",
ete.

3.5.7. We can now prove Theorem 3.8 and in fact rather more.

THEOREM 3.10. Suppose that F(z) is meromorphic and not constant in
the plane and that

e, Py +8{r )+ (r ) = 5( )

for some l = 2. Then F(z) = e%+b where a, b are constants.

We set f(z) = F'(2)/F(z) and assume that f(z) is not constant, since
otherwise there is nothing to prove.
Then we have by Lemma 3.5

F(l)(z . aps
F) =) o g " +of S 2+Pz o(f) = 9(2),
(3.19)

where f = F'[F,
Nrg) = S0, M) = S
Thus Theorem 3.9 shows that g(z) = )(z), where

e 1=176) =140
PY(z) = f(2) o g(z) f( ) +—— W
We set

l—1 l/"(Z) ’ o
“(Z)=——2—T/‘(~5: Y = = 1‘/’ ‘/’ —( 1)2+l 1)‘/’
fz) = P(2)—af2),

=t = 2

" — 4o 2a o
fr= = (——(l——1)2+l———l)¢’ o”, ete.
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Thus if [ > 2 we obtain from (3.19)
1 2 ,
ot + 152 (o 2y +

+{ ((l4a1)2+l 1)'“’1 1)2}'/”‘ +Qi3() = ¢, (3.20)

where @,_s(¢) is a differential polynomial of degree at most —3 in .
In fact the coefficients of @;,_; are polynomials in « and its derivatives
and the poles of « occur at the zeros and poles of ¥(2), i.e. of g(2), and so
by hypothesis N(r,a) = S(r,f), and also

m(r,a)=m(r,$—')+0(l) ( )+0() S(r.g) = S(.1).

We collect terms in the powers of i in (3.20) and note that terms of
degree ! and [—1 go out. The equation becomes

ay(2)yf-2-+terms of degree /—3 at most = 0,

where

a(2) =

41 o2 o
— 6 \U=1 )
If I = 2, we see at once that ayy!~2 = 0, so thatt gy = 0. If [ > 2,

we apply Lemma 3.3 with n = [—3, f = ¢, and P = ay. We deduce
that m(r, ao‘/’) = 8(r, ‘/’) = S(r’f)'

(i—1) o
— (a2—a)—U(1—2)a? +a,(( )2+l 1)+’(l Ty

Since by hypothesis
N(?’, l/’) = O{N(T, g)} = S(T,f),

we deduce T(r,ag) = S(r,f)
and hence, if a, is not identically zero,
Te4) = 500, T < T +7(n L)+ 00) = 5061,
giving a contradiction. Thus in any case
W+1) —
ao(z) = 6 l—:——l_ } =0.

t We cannot have § = 0, since this yields F( = 0, which contradicts our hypotheses.
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This gives on integration, either «(z) = 0, or
o 1 1 A—2z
@ -1 & -1’
I—1¢  1—1
W= y=Iiz
Y(z) = B(A—2)"%, B #0.
F'z) Cl=1y() L -1
F(z) f(2) = ¢(2) 2—% = B(4—2) y —

F(z) = C(A—z2)-texp{B(4d—2)"1}, B#0, C#0.
This function is not meromorphic in the plane, and so we must have
afz) = 0, Y(z) = const = f(2).
F'|F = const;, F(z) = et
This completes the proof of Theorem 3.10.

3.5.8. We proceed to deduce Theorem 3.8. Suppose that F(z), FO(2)
have only a finite number of zeros and poles. Then

N(r, F)-{—N(r —)+N(r, F@) = O(logr).
Thus Theorem 3.10 shows that if f(z) = F'/F, then
lim T(r f < o0,
_ e logr
so that f(z) is rational. We deduce easily that
B(?)
F(z) = L 2P0,
A )

where P,, P,, P, are polynomials. Suppose further that F(z) and F®(z)
have no zeros. Then we may take P, = 1;
F , Py
fo) = F =P
FO(z

Thus, by Lemma 3.5, o) F4Q(f),

where Q,_(f) is a polynomlal of degree I—1 in f and its derivatives.

If P; is not constant we see that near oo,
(0]
FT~f’ (P3)} >0, asz-—> 0.

Since a non-constant rational function assumes every value in the
closed plane, it follows that F®(z) = 0 somewhere in the open plane,
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giving a contradiction. If P; = ¢ # 0, and f(z) is not constant, we see
that f(z) =¢, f'=f" = ... = 0at co. Now we see that on the right-
hand side of (3.19) all the terms except the first vanish at oo, so that
FO/F = clat oo, and FO/F must again have a zero in the open plane.
Thus if P; # 0, we must have P, = ¢ = f(z), F(z) = e+,

Finally, if P; = 0, P, = const, we may write

1

2(2)
Thus if Py(z) has degree n, F(2) has a zero of order » at co and no finite
zeros. Suppose that F(z) has distinct poles of multiplicity p, (v = 1to N).
Then > p, = n. Also FO(z) has poles of multiplicity p,+I, so that
altogether F¥(z) has > (p,+1) = n+IN poles. Also F®(z) has a zero
of order n+! at c0. Thus F®(z) has I(N—1) finite zeros, and so if FO(z2)
has no finite zeros, N = 1, and F(z) has only one pole, so that

F(z) = (Az+B)™.

This completes the proof of Theorem 3.8.

F(z) =

3.6. Conclusion

The results of this chapter show that the derivatives f®(z) of a mero-
morphic function f(z) assume all finite values with at most one exception
(Theorem 3.4). If f(z) itself fails to assume some finite value a, then
f®(z) assumes all finite values except possibly zero (Theorem 3.5). Ifin
addition f(z) has only a finite number of poles and is not one of the
functions e*+% or (az-+b)~", and if I > 2, then f®(z) assumes all finite
values without exception (Theorem 3.8). We have seen that the proof
of the latter theorem leads to the problem of whether certain differential
polynomials in a function f(z) necessarily have zeros. This problem is
solved in Theorem 3.9 in the case when f(z) is an integral function and
the polynomial has a single highest term f™.

The most interesting open problem appears to be the extension of
Theorem 3.8 to general meromorphic functions by deleting the hypo-
theses about the poles. Are e?*+? and (az--b)~" the only meromorphic funec-
tionssuch that f (2) f®(z) 5 0,forasingle! > 2? If we put f(z)={g(2)}-.,
where g(2) is an integral function, then f"(z) = {29'2—gg"}/¢® so that we
are led to the problem of whether differential polynomials such as
G(z) = g9"—2g'? in the integral function g(z) necessarily have zeros
except when g(z) = e®+ or (az-4-b)*. Since ((z) is a homogeneous
differential polynomial in g(z) this problem appears to be beyond the
scope of the methods of this chapter.
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Another problem of some interest concerns the question of whether
we can eliminate the term N(r,f) in Theorem 3.2 under hypotheses
a little more general than those of Theorem 3.5. We also do not know
whether the coefficients of N(r, 1/f), N{r,1/(f®—1)} in the inequality
of Theorem 3.5 are best possible, or whether Theorem 3.4 is sharp for
1>



FURTHER RESULTS ABOUT DEFICIENCIES

4.0. Introduction

Ix this chapter we consider further the possible deficient values and
the values of their deficiencies for functions f(z) meromorphic in the
plane. This subject has grown very considerably in the last decade
and it is not possible to do more here than to make a selection of some
results which seem interesting and which can be proved in a reasonably
short space of time. For other results we shall refer the reader to
original papers.

As we saw in Chapter 2, Theorem 2.4, the deficient values a of
a function f(2) meromorphic in the plane are countable in number and
their deficiencies satisfy ’

2 3(e) < 2. (4.1)
It has been shown by Le Van Thiem [1], completing an earlier result
of R. Nevanlinna [2], that if the §,, (»n = 1 to ) form a finite set of
rational numbers such that

N
28n< 2,
1

and if a, to ay are arbitrary distinet numbers in the closed plane, then
there exists a meromorphic function f(z) such that

8a,,f) =8, (n=1toN). ' (4.2)

Gol’dberg [1] removed the restriction that the §, have to be rational
in the theorem of Le Van Thiem, provided that

N
o, <2
1

Gol’dberg [2, 4] then provided a further major break-through by
constructing the first examples of meromorphic functions f(z) with
infinitely many deficient values. His functions f(z) could have arbitrary
positive and finite order and the set of deficient values could be any
countable set. By a theorem of Valiron [2] (see Theorem 4.11) a mero-
morphic function of order zero can have at most one deficient value.



80 FURTHER RESULTS ABOUT DEFICIENCIES 4.0

Thus the set of deficient values of a meromorphic function of order p
can be any countable set if p > 0 and consists of at most one point if
p=0.

We shall start this chapter by giving an example due to W. H. J.
Fuchs and the author [1] of an integral function (of infinite order)
having a completely arbitrary countable set of deficient values, and,
with completely arbitrary deficiencies of these values, subject only to
the condition (4.1) and §(c0) = 1. Thus for integral functions of infinite
order the inequality of Nevanlinna

28 <1

as o

contains the only general restriction on the deficiencies.
We next show, however, that for- meromorphic functions of finite

order the inequality 3 8(a)* < +oo (4.3)

holds for every o > }. The case o = } is due to Fuchs [1]. By examples
rather similar to those of Gol’dberg quoted above we show that (4.3)
need not be true when « < 1. The case « = % remains in doubt.

We continue the chapter by proving some results about integral
functions of finite non-integral order.

Finally, by using a general inequality of Gol’dberg, we shall prove
a theorem of Edrei and Fuchs [3] giving the possible limitations on the
pair of deficiencies 8(0,f), 8(c0,f) when f(2) is a meromorphic function
of assigned order p, where 0 <C p << 1. Various earlier results follow as
consequences of this general theorem. For other important recent
results by Edrei, Fuchs, and others we shall have to refer the reader
to the original papers.

4.1. An integral function with assigned deficiencies
The next few sections will be occupied with the proof oft
TueorEM 4.1. Let a, be an arbitrary sequence of distinct complex
numbers and 8, a sequence of positive numbers, 1 < v < N < o0, subject
only to N
$5,<1.
v=1
Then there exists an integral function f(2) such that
3a,f)=38, (wv=1t N)
and such that f(z) has no deficient values other than the a,.

t Fuchs and Hayman [1].
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Our proof will be based on the general method of Gol’dberg [2, 4]. If
2 2 $n(?)
) — = -
f(2) 30

and if ¢,,(2) and ¢(z) are both large and nearly equal on certain sets F,,
which are dlS]omt for different m, while ¢,,(2) is small outside F,,, then

f(z) =a,, on F,. If f(z) is to be an integral function we must choose
¢(z) without zeros and the ¢, (z) without poles. We shall choose
$(2) = exp(e*+2). (4.4)

4.1.1. For the ¢,(2) we need the following : ‘

LeEMMA 4.1.1 There exists an integral function Ey(z), such that in the
sirip A x>0, lyl<7 (z=a+iy)
we have Ey(2) = ¢(z)+0(z72), (4.5)
while outside A, we have

Eyz) = 0z (4.6)

uniformly as z — co, where $(z) is given by (4.4).

Let L be the contour given by x =0, [y| < =7, and y = F7, 2 >0
described in the clockwise direction and consider
1 [efdl

i

Clearly E(z) represents a regular function E,(z) for z inside L, i.e. in
A,, and a (possibly) different regular function E,(z) for z outside 4,.

We next note that if L(a) is the contour, given by z = a, |y| < =,
Z = a, y = Fn, then, by Cauchy’s theorem,

1
I = — e
27t f e d
L(a)
is independent of a. Since the integrals along the rays y = Fx, z > a,

cancel out we have .

1 estiy
I=o f et Gy

-

This tends to one as @ - —o0, so that I = 1. Thus

1 efL dl
B+ z 2mf 2({—2)

Suppose now that R = |z| > 2#. We divide the latter integral into

1 Pélya and Szegd [1, chapter iii, problems 158—60, pp. 115-16] introduce the function
E,(z) such that Ey(z) = Eqz).

853503 G
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those parts for which |{| < 3R, 1R < |{| < 2R, and |{| > 2R, and
denote the corresponding integrals by I, I,, and I, respectively. Then

A

L+ 15| < 5 j et < RU e—e'dx+0<1)] =,

Also we indent L away from z by an arc of a circle of radius %, so that
on the new contour L', |{—z| > } everywhere. This does not affect
the value of I, by Cauchy’s theorem, provided the endpoints of L are
kept fixed. On L’ we have, setting { = £+,

Lot
2({—2)
when z is large so that .

I, = O(R) exp(—3}etB) = o(R 2),

< A exp(ef cos ) < A exp(—3etR)

Thus E(z)—[—; = 0(z72),

‘a8 2 - o0 in any manner.

Now let E,(z) represent the value of E(z) for z inside A, and E,(2)
the value of E(2) outside A, Both E,(z), E,(z)y can be analytically
continued beyond L, since we can deform L without altering E(z).
For z near L, 1 [efdl

Ez(z)—El(z) =90 T’
s
where C is a contour surrounding z once in the positive direction. Thus
By(2)—E\(2) = ¢,
and E,(2), E,(z) are both integral functions. In particular,
Ey(2) = E(2) = ——-1—0(1), as z - oo outside 4,; (4.7)
.. 100 L
Ey(2) = E,(2)+¢ = E(z)4e = e —E-{-—ZE—, as z —> oo inside 4,,.

: (4.8)
Also for { on L, and |z—{| < im, we have

e = Ofei} = 0(jz|),

so that (4.7) and (4.8) remain valid uniformly in a disk of radius }=
and centre z. We set

2
Ey(z) = By(z) = % f Ez(z+i>wei0)§e-i0 ds,
0

and using (4.7) and (4.8) we deduce Lemma, 4.1.
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Example. If Ey(z) is the function of Lemma 4.1 prove that
log M{r, Ey\(2)} ~ ¢, T{r, Ey(2)} ~ %,

as r - co. Hence show that Theorem 1.8 no longer holds when K = 1.
4.1.2. We now write 4,, for the half-strip
4, 2>0, 2n—)r <y < (2n+1)m
Let E,(2) = Ey(z—2nmi),

where Ey(z) is defined as in Lemma 4.1. Then E,(z) has similar
behaviour in 4, to that of Ey(z) in 4,. Letb,, ¢, be complex numbers

such that b, =b, c,=c, (n = 0 to o)

N baltlen]
and 8§ = an '—1_}7‘ < 0. (4.9)
Put F2) = exp(—e—2) S (cp+b,2)E,(2). (4.10)

We shall see that f(2) has all required properties for suitable b,, and c,,.
LeMMma 4.2. We have as z = z-+iy — 00 in any manner
f(2) = b, 24c,,+O{(14 |z|3)exp(—e*—2)},
where m is the integer defined by
2m—1)r <y < (2m—+1)m.
Let m be defined as in Lemma 4.2. If

|n] = 2]m|+1,
then
ly—2mn| = 2xn|n|—2n|m|—=n > 2n|n|—7|n| = n|n| ==,

so that, by Lemma 4.1,
|Bn(2)| = |Eg{x+(y—2mn)i}| < An-?,
where A is an absolute constant. Hence

(brzto)Ba@)| < 3 (Ibyl+leal)(f2l-+1)An"

In|>2Im|+1

Inl>2im|+1

< 2As(l+]z,),
where s is defined by‘(4.9). If
' In| < 2lm|+1 (n 5£'m),
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then z lies outside 4, and therefore

E,(z) = 0(1),
2 (bpztey)E,(2)| = 0(1+IZI Z (1bn [+ leal)

lnliilém+l 2
[bn |+ [€n]
= O{(1+]z]) 1+m2 Z e
= O{s(1+42|)(1+¥%)} =01+ |2[3).
Thus eXD(E+2)f(2) = (b -+ ) Bo(2)+ O(L+ 2.
By Lemma 4.1, E, (z) = exp(e*+2)+0(1);

also by (4.9),
Ba-tenl < (4 )+t Lol bl — o1 4 ),
Hence, finally,

f@) = bpztc,+O0(1+ [z[')exp(—e*—2),
which is Lemma 4.2.
4.1.3. Estimate of T(r,f). Our next result is

LeMMA 4.3. Suppose that ¢(y) is a bounded, non-negative and even
functwn for real y and that

qus Ydy >1 asY — 0.

Then I(r) = — f er030¢(y sin 6) 46 = {l—({—;ﬂ)*}e as r 0o,
Let v
= [ ¢t dt
0

X@) = x(y,7) = e/ (r*—y?).
Note that we have as r - 0o uniformly for 0 < y < $rv3
x) = 0],

0 < —x'(y) = O(er).
Set rsinf = y. Then

T im
I(r) = 717 f er°0384(r 8in 0) 6 = % f ercos0g(r gin 6) df-}- O(ei™3)

0

i
f AW @) dy o)) = —2 f ()X ) dy-+o(e]r).
0

ﬂln—-
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We split the range of integration into the mtervals (0, 738), (r18, 1¢).

In the first interval
$¥)x'(y) = O(yeT[r),
1/8

so that f P(y)x'(y) dy = O(r\Ber[r) = o(e’[r}).
In the second interval uniformly

P(y) = {I4o(1)}y.

Hence

ir .
10) = =2 [ v ) dy (+o()+oler

#1768

ir
= =2 [ s ay (o)+oter-)

ir
— 210} [ xt)dyoterr) (4.11)

Let \J(r2—y?) = r—u; 1—}43 = «. Then

ir
f x(y)dy = e f e~%(2ru—u?)~t du
0 0

A2

= e'fe “u-*(2r)-*{l+o )} du-O(er )

= ef(2r)-t f e~u~t du--o(e'r—t)
0

= e'(m/2r)tto(emrt). : (4.12)
Now Lemma 4.3 follows on substitution from (4.12) into (4.11).
We will deduce tha,t if f(2) is defined by (4.10), then

T(r,f) < e'(2n®r)~H{1+0(1)} (4.13)
as r — oo.

We set é(y) = max(—cosy, 0)
and note that

Y—o

Y b
1 1 it
tim 2 [ $)dy = 5 [ (—cos)dy = .
0 i

Also, if z = x4y,
log+|e—-%| = log*(e~¢"°**¥—%) < e%¢(y)+|z].
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Again, with the notation of Lemma 4.2, we have as z - o0,
log+|f(2)| < log*|b,, z-+c,|+3log*|z|+log*|e~~%|4O(1).
By (4.9),
b2+l < (1+[2])(1+m?)
since |m| < |z|[n. Thus, for z = x4y,

log*|f(2)] < €"$(y)+O(l2)),

|6+ 1]

Ll < (1,

T(r,f) = 517—7 Jlog*“[f(reio)ld(? < 5}; J‘e'wsqu(rsin 6) 26+ O(r).

-

Now (4.13) follows from Lemma 4.3 with [ = 1/,

4.1.4. Densities of sets of integers, Let S be a set of positive integers
and let ¢(n) be the number of integers from 1 to » which belong to §.
The density of S is defined as

d(8) = lim t(n)/n,

n—>
provided this limit exists.
It is clear that if S;, S,,..., S, are a finite number of mutually disjoint
sets of positive integers having densities d;, d,,..., d,, then

8= fj S, has Elensity E dy.
k=1 K=1
In order to proceed we need

Lemma 4.4. Suppose that 1 < N < oo, and that 8, w=1to N) are
positive numbers such that

d=328

14

N
Set 8, = 1—3, so that" Y 8, = 1. Then it is possible to partition the
v=0

<L

14

itz

positive integers into mutually disjornt sets S, of density 3, (v = 0 to N).
We proceed by induction. Suppose that S, to S,_, have already been

defined and let n—1
., =US8,.
v=0
n—1
Then 3, has density d, =238,
v=y

Let K, K,,..., K, be the increasing sequence of integers in the comple-
ment C, of £,. Then C, has density 1—d,. Suppose that » < N, so
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that d, < 1 and C, is not empty. We define S, to consist of all the
integers K, (7 = 1,2,...), where

a = (1—d,)[3,.
Since C,, has density 1—d,,, it follows that
& - as p >
p l—dn ’
and so Kog, ¢ _ 1 as g - 0.

g 1-d, 3,
Thus 8, has density 3,,.

If n = 0 we proceed as above taking for C, the set of all integers.
If N is finite the construction continues to be possible for n» = 1 to N.
Also Sy is equal to Cy, so we shall have used up all the positive integers.
If N = +o0, then 3, < 1—d, for every finite n and so C, is never
empty and S, is defined for » = 1 to co. If (' is the set of integers not
contained in any S,, then C’ has density at most 1—d,, and so ¢’ has
density zero. We add C” to S, and the new set Sj has density §,4-0 = 3.
Thus we have achieved our partition also in this case. This proves
Lemma 4.4.

We now take for §, and a, the quantities of Theorem 4.1, and for S, the
sets defined in Lemma 4.4. Forv > 1let S, consist of all those integers
n in 8, for which n > 2(1+1a,|).

Since S;, is obtained from S, by subtracting a finite number of elements,
S, has the same density as S, i.e. §,. Furthermore, we define S to
consist of all non-negative integers not in any of the S, (v = 1 to N).
Then 8 contains S, and so has density at least 3,. On the other hand,
Sg lies in the complement of S; to S, and so has density at most

1— z 8,, for any finite » < N. Thus S still has density §,,.
We now set
b,=0, ¢,=a, ifnlefl, 1<v<N)
b,=1, ¢,=0 if|nles

where the a, are the quantities of Theorem 4.1. This defines f(z)
uniquely’in (4.10). We must only verify that (4.9) holds. Now

> il <o o<

InleS}
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andfor 1l <p <N
Z |bnl+lcn| 2|a,| < 2la,] 1
o =
L, 1 n>21’(1+la,|)1+n2 2Pla,| 2P
S Bl leal _ o &
ThuS 8 = —n——_n = -D
_Z; 1+n? 0(,,;2 )<

which is (4.9).

4.1.5. The lower bound for the deficiencies of f(z). We can now prove
Lemma 4.5. With the definitions (4.14) of b,, and c,, and with f(2) given

by (4.10) 8a,.f) =8, (1<v<N),
8(0,f(z)—2) > &
Let
cosy, if 2n—)r <y < (2n+3)m, |n|€eS,,
é,(y) = { .
0, otherwise.
Y
Then Jim = f bi)dy =13, (4.15)
0

Also, if z = z-+iy where (2n—3})7m < y < (2n+3)m, |n|€ S, then by
(4.14) and Lemma 4.2,

f&)—a, = O+ z)le=~+| (> 1),
f)—z = O(1+]2P)le~s#| (v = 0).

Thus, for v > 1 and large z,

log+ ey (y) log 1+ [21%)— |2] —O(1)
= €"$,(y)
Using Lemma 4.3 and (4.15) we deduce that

1 A )
m(r’f(z)——d,—,) = {8,+o(1)}er(2n®r)-t

1
flz)— '

as r —> 0.

Similarly, m(r, f(—z—)l—:——z) = {8o+o0 (1)}er(2m%r)-t

In view of (4.13) and the fact that
T(r,f2)—2) < T(r,f)+T(r,2)+0(1) < e"(2n%r)~#140(1)},

we have Lemma 4.5.
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4.1.6.71 Completion of proof of Theorem 4.1. To prove Theorem 4.1 we
shall establish that for any transcendental integral function f(z)

3 8@ f)+8(0.f()—2) < 1. (4.16)

Since by Lemma 4.5 we have for our particular f(z)

3> 38 =18  30f6)—2) >3

aFw
the sign of equa,lity must hold here and in (4.16), which is only
possible if (i) 3(a,f) = 0 for all values of a distinct from the a, and

(ii) 8(a,,f) = 8,. Theselast two statements are the assertion of Theorem
4.1.

It remains to prove (4.16). Let f(z) be a transcendental integral
function and a,, a,,..., a, distinct complex numbers. Set

¥

Then it follows from (2.1) and Theorem 2.2 that

g

1
Zl m(rf(_z)—-_—?) < mir, F(2)}+0(1)
< m(r, J%—)-{—m{r, (@) F2)}+0(1)

<m ( e ))+0[T{r f)}] (4.17)

outside a set of finite linear measure. By applying this result to
f(z)—z with ¢ = 1, a, = 0 we deduce simila,rly that

< mfr —]4o0 T r, ’ 4.18
A further a,pplica,tion shows that

o )+l )
< m(r, JTI”)+0{T(r,f’)} < mir, ")+ mlr, f))

< Qo pmtn)+m{r ) < (4o pmirf)-+m(r )
<{to(imerf),  (419)

1 The author is indebted to Dr. A. A. Gol’dberg for pointing out an error in an
earlier version of this section.
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outside a set of finite linear measure. On combining (4.17), (4.18), and
(4.19) we deduce that outside a set of finite linear measure

q

> mlr, sty @1-_7) < (o (T(rf@).  (420)

v=1
We divide by 7'(r,f(z)) and take the lower hmlt of the left-hand side.
We note also that
T(r,f(z)—2) = T(r,f)+O(logr) ~ T(r,f).
Thus (4.20) yields
zls(aw )-+-8(0,f(2)-—Z) < 1

which gives (4.16) for any transcendental integral function f(z). Thus
the proof of Theorem 4.1 is complete.

Example. If a = a(z) is a polynomial and f(z) a transcendental
integral function we define

1
m(r, ————
8(a,f) = lim ( f(z)—a(z)).
( f ) ot T(?‘, f)
With this notation prove that

>¥af) <1

where the sum is taken over all distinet polynomidls.

4.2. On the deficiencies of meromorphic functions of finite order
In this section we shall consider what can be said about the de-

ficiencies 8(a,f) of meromorphic functions f(z) of finite order beyond

the inequality S 8(a,f) < 2

We shall prove in particularf

THEOREM 4.2. Suppose that f(2z) is meromorphic and of lower order A
in the plane, where 0 < A < oo. Then for o > %, we have

2 3(a,f)* < A(x,A),
where A(a,A) depends on o and A only.

The case « = } of the above result is due to Fuchs [1] who proved
it with 4(3,1) = A(qlogq)? where ¢ = max(2,), and 4 is an absolute
constant. We shall see that Theorem 4.2 fails for « < %, while the case
« = } remains in doubt. Our method yields

A@X) = AL+29[Ba—1)* (} <a <}

t Not previously published. In this section 4 denotes an absolute constant not
necessarily the same each time it occurs.
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4.2.1. Following Fuchs [1] our proof of Theorem 4.2 will be based
upon the Poisson-Jensen formula applied to f'(z). We need first, how-
ever, to introduce a type of variation or oscillation of a real function
of a real variable defined in an interval I, which will enable us to deal
with the various terms arising in our formulae.

Let I be an interval 0, < 6 < 0,, 0, an interior point of I and (6)
a function of 0 defined on I. We define |I| = 6,—6,, and

o(0) = o080 1O = G0+ OB (42D

We note that for fixed 6, and I, v(6,, I, ) is a linear functional of 3.
Also if /() is continuous then

02 00
— 00—01 ! ___02—00 ’
o) = 2=gt [ weae—g=g [y,
6o ) 1
so that ()] < f W'(6)] 6. (4.22)
61
Also if ¢"(8) is continuous we note that
0o 0s
oD = =0 [ (9—g,p7(6) a0+ 2= [ e—ow@an
s—0; * 6,—6,
0. 6o
‘A ‘A
sothat  [o(D)] < (6,—0y) [ 14(6)|d6 = |I| [ 147(6)| 6. (4.23)
61 01

The usefulness of our concept »(I) will turn on the fact that the point
0, is completely at our disposal and that the inequalities (4.22) and
(4.23) both hold so that we can use whichever is most convenient at
the time.

We prove

LemMA 4.6. If with the above notation r > 0, a is complex, |a| < 2r,
and |a| #r, further Y(60) = log|re?—a|, then we have for 6, < 0, < 6,42,
and 1 <B<2, .

4 8
oIy < 2T f
[’)

r

ref¥—gq 0.

1

We set { = re®, then

vy — ap V8 "oy al
P'(6) = —a’ l/'(0)—9?3————(5__(1)2-
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Thus (4.22) and (4.23) give

03
rdf _rlajdf
"D < | gy < Ul f [re?—ap’

1

We distinguish between two cases. Suppose first that for some 6 in I we

have rei—a| < r|I]. (4.24)
Then we have for every 6 in I

|re?f—a| < 2r|1|,
=

l
and so from (4.22) we have, since f > 1,

r do
ﬁ 1 -
)\fIrew B < ” |

Since 8 < 2, Lemma 4.6 is proved in this case. Next suppose that (4.24)
is false at every point of I. Then we obtain from (4.23), since |a| < 27,

< lf rla|do
lre“’ Iz\

,
ref—a

B

< 21 f B (B<2).

6

This proves Lemma 4.6.

4.2.2. We can now prove a result which we state as a theorem since
it appears to have some independent interest, apart from being a lemma
for Theorem 4.2.

THEOREM 4.3. Suppose that g(z) is meromorphic and not constant in the
plane and of finite lower order A. Let {I,,} be the mutually disjoint intervals
8, < 6 < 0, in which |g(re®)| < 1, such that

61 < 01 9 < 0 01“["2‘”’.

Set |I,| = 0,—0,, let —m,, be the minimum of log|g(re®)| in I, and sup-
pose that 1 < B < 2. Then we have, for some arbitrarily large R,

g 41+
g mp L[ < g T(r,g)
for a set of rin the interval (0, R) having linear measure at least A R|(14-X).
We set k = R,/max(5,]),
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where R, is chosen so that

A
3")'(” P(Ry—3k, g). (4.25)

T(Ry0) < (1-3
There exist arbitrarily large such values R,. For if not we can define
R, sufficiently large and

R, = R.{1—3/max(5,A)}™,

and deduce that for all n > 2

R, \1+ T(R,,
(B > (52) (B > . > B TERD — oRE,
where C is a constant. Also for B, < R < R,,,, we have R < ("R,
and c

T(R) > OR”)‘ A — O"R1H,

—(oyA
This inequality thus holds for all sufficiently large R contrary to our

hypothesis that f(z) has lower order A. Suppose then that R, has been
defined so that (4.25) holds. We set

R= R—k, R,=R,—2k and R,= R,—3k.

Let a,, a,,... be the zeros and b,, b,,... be the poles of g(z) in |z] < R
and suppose that R, < r < R,. Then we have for z = re® by the
Poisson—Jensen formula, Theorem 1.1,

2
1 . (R2—7r?
tog lotel = {Z—T f loglg(ReW‘)]Rz 2cho: t)9d¢¢)+r2+
0
£ S

z log

{gloglz— ,A— gloglz—m}
= {‘/’1(6) 7‘)}-—{1/‘2(0, 7‘)},

say. For each fixed I, occurring in Theorem 4.3 we choose a point 6,
in I, such that log|g(re’®)| = —m,,. Also by our hypotheses

o

log|g(rei)| = log|g(rei%)| = 0.
Thus setting ¢(8) = log|g(re®)|, I, instead of I in (4.21) we have
(00, 15, ) = m,,.
Since v(6y, I, ) is an additive functional in ¢y we deduce that
my, = (L, (0, 7)) —v(Ly, Po(B, 7). (4.26)
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We note that

i$( Reid
o) -~ f toglg(Reth)| VR I8

R%G, 2 R%,z
+z R*—a, 2} £ (Rz——B,,z)?)'

Also
|R2—d,z| > R*—Rr = R(R—r),  |R*—b,z| > R(R—).
Thus .
0 < s sn( ) o 3]
R,—R

n(R,g) = ——n(R 9), (4.27)

Ry

Ao N(Eyg) > [0 >
R

and R—r >k, R < R,. Thus we deduce that

O < A3 (B +OM} (0 <0< 20), 58 Byson,

R,

where 4 is an absolute constant. In view of (4.23) this gives

(o{L,, (O} < AL, 12( ){T g)+0(1)},
3 ol OGP < A(ﬁ’) (T(Ro.0)+O} S 1

N

A im0+, (4.28)

since 3—B > 1, and Y |[,| < 27. Again, it follows from Lemma 4.6

that »

T

i0__ B-1
[v(Zy, loglre’—a,|)| < 2|1, rew—an de.
Thus )
B
LA <
2 s (O} 1 1 | 2; f( rew_a + Z rezo b ’ )d@
I,
27 B B
r r
S 2f (Z re—a, + z re??—b ‘ )d@.
B v v

=

We note that for 1 < B < 2, z = z-+iy = a,+pe?,

dom 18 g, — 2m2R)*F
” lz—a of ! P 5_B

lz—aul<2Ro
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Thus

jl [g o{ Ly, Y0, )}, [1“3]7-1—3 ar
< 2flr dr fﬂde(z B+z r?é_b_l)ﬁ
Rs 0 ~ R
<2 H ,zdxiyl,g+ S ” dxdy

i0__
re a’,,

F lz—aul<2Ro Voje—byl<
87 R2-B 167 R3 -8
< % {n(R T(R,,9)+0(1
< Bk g1 4n(R, )}<k(2ﬁ{( )+0(1}

by (4.27). It follows that we have for a set of r in the interval
R, < r < R, having measure at least 1k = {(R,— R,),

B 327 R3-
g Iv{‘[p’ l/‘2(0) r)}l I ll Brl B k2(2 OB) {T(‘RO) g)+ 0(1)}'
Also r << R,. Thus we deduce for these values of »

3 oDy 0, 1P < oo (T (B )+ 0D}

A(14-2%)
< T TReg)
if R, is sufficiently large. On combining this with (4.26) and (4.28) we
deduce for such values of »

3 3
S my Lt < A8 pp oy < A0EX) 1, ).
2 5B 5-p

by (4.25), since Ry—3k < r < R,. This is the inequality of Theorem 4.3.
Also the set of r in the interval R, < r < R, in which it holds has
measure at least 3¢ = } R,/max(5,1) > R/(10+4-2)), and R, < R. Thus
the proof of Theorem 4.3 is complete.

4.2.3. Completion of proof of Theorem 4.2. Suppose now that {a,}
constitutes a finite set of complex nu}nbers satisfying

@, —a,| > 2(nd+1) (1< m<n<DN) (4.29)
Then we shall prove that for « > }
N
S 8(@mf) < Al A). . (4.30)
n=1

Our result will follow from this. In fact if the a,, are distinct and do
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not satisfy (4.29) it will follow that when K is a sufficiently large
positive constant Klap—a,| = 2a+1) (m % n).
Thus we may apply (4.30) to Kf(z) and obtain
z 3(Ka,, Kf)* < A(a,A).

Since §(Ka,, Kf) = 8(a,,f), (4.30) follows for f(z). Since N is arbitrary
we may let N — o0 in (4.30) and obtain

Z 8a,f)* < A(x, M),

and hence ZSaf )* < A(e, A)+-1.

Thus our proof will be complete when we have proved (4.30) with the
hypotheses of Theorem 4.2 together with the hypothesis (4.29).

Let &,(r) be the set of 6 such that 0 < 0 < 27 and |f(z)—a,| < 1,
where z = re®. We may assume that 8(a,,f) > 0 in (4.30) for n = 1
to N so that &,(r) is not empty for sufficiently large ». Suppose that
6., 0, are points of &,(r), &,(r) respectively for m % n. Then we must
have o) > 1
at some point on each of the arcs of |z| = r joining rei= to reifs, since
otherwise we should have

1
l m n]_2 < [f relom —f rew" I < 2’”;

which contradicts (4.29). Also we have, with z = ref,

j log+

&n(r)

do

1
f@)—a,

f log+

Thus we have, by Theorem 2.2,

)’ de.

d0+o (1),

) |
7o )" ) S g f)‘f

n(T,

rf(

as r— oo outside a set of finite linear measure. We enclose the
points of &,(r) where |2f'(z)] < 1 in maximal intervals throughout
which |2f'(2)| < 1. Since a, is deficient there will be such points, and
hence such intervals, for all sufficiently large ». The intervals corre-
sponding to &,(r) and &,(r) for m 7 n will be distinct, since as we saw
they will be separated by points where |2f'(z)| > 1. If J,, are the

nn
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intervals corresponding to &,(r) for v = 1 to K, then

R _ 2+o(D)
T " ) S Tpap zzwf

outside a set of finite linear measure, since we have
T(r,2f") < T(r,f")+Ologr) < {240 (L}T(r.f)
outside such a set by Theorem 3.1.
We now note that the set of » for which the inequality of Theorem
4.3 holds has infinite linear measure. For if F is this set then the part
E’ of E in the interval {4 R/2(1+2), R} satisfies

AR
J,”’@mm

Since R may be as large as we please E must have infinite linear

measure.
We now apply Theorem 4.3 to g(z) = 2f’(z). Then we can find a se-

quence of r = r,, - oo for which the inequality of Theorem 4.3 and
also (4.31) holds for » = 1 to N. We have then by (4.31)
N 1 «
—l d0)
& 9(2)
. 9e XN Ka
< lim —— log+
b Tl g Z (2w f %
sincet « < 1. Thus we have a fortiori
[+ 4
- do) ,
= 9@l

where the sum is taken over all the separate intervals I, of 6 (mod 27)
such that |g(r )| < 1.

flog+ 1 dé < |Ly|m,,.

; 9(z)

?
Thus we have, choosing B = (1—«)/x, so that 2—1/a =1—8, in
Theorem 4.3

[+ 4
'd@) <3 Il
tIfec,>0(v=1toK), then (3¢)* < X¢. Infact if 3 ¢, =, then ¢/s < 1,

50 that (c,/s)* > ¢,/s, and hence T (c,/s)* > > (c,/s) = 1.
863503 H

(4.31)

1
7 '(z)! »

—(_

N 5 < I 2u Kn 1 logt
n§1 (an’f) Ll{!:o m 21 z 2—7; f Og
dO)
N
2e 1
T e —_— +
z S(an’f I}l—r:io T(rk, g)a z (217 f log
Ip
We note that with the notation of Theorem 4.3 we have
1
log+|—
Z ( If 7o)
’ K (3 my | L,|[e-VIe)( 3 |, |-~y
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by Holder’s inequality. Also the choice of 8 is legitimate if 3 < « < 4,
since this implies 1 < f < 2. Now Theorem 4.3 yields

¥ i (AN T 0)* _ A(L+22)
£ denye < oo im (SN AR <

This proves Theorem 4.2 if 3 < a < . Since the left-hand side de-
creases with increasing a the result remains valid for o« > 3.

4.3. The examples of Gol’dberg type

We proceed to give some counter-examples to Theorem 4.2 which
show in particular that Theorem 4.2 fails to hold when « < . These
examples are a simplified version of those of Gol’dberg [2].1 We shall
prove the following:

THEOREM 4.4. Suppose that {x,} is a sequence of positive numbers such
0

that 3 1, = 1, and let {a,} be an arbitrary sequence of distinct complex
T

~numbers. Then there exists a meromorphic function f(z) of order 1 mean
type in the plane such that

¥(a,.f) > %”ﬁt (n =1 to ).

By choosing 7, = C[n{log(n+-2)}?, where C is a suitable constant, we
deduce that > 8(a,,f)* may diverge for every a < 4. More generally
we see that §(a,,f)"® may be greater than a multiple of an arbitrary
convergent series for n = 1 to o0, so that if Theorem 4.2 remains true
for o = } the resulting theorem would be best p0551ble Unfortunately
our argument for Theorem 4.2 fails for « = }.

We assume without loss in geperality that 7, is decreasmg since this
may be achieved by relabelling the 7, and a, simultaneously. We set
79 = 7, and define

6, =0, 0n=11:i:7), (n = 1 to o0).
Thus 6, is a strictly increasing sequence and
0,—>mn z 7, = m)o-}—ﬂ-zn,, 27, asn—> oo,
We now choose a sequence c, of positive numbers such that

L2 4
Sl E nlanl < 00, S2 =nzlc" <,

1 However, Theorem 4.4 appears to be new in its present form.
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and define

00 0
= 2 cpanexp(ze ), ¢y(z) = 3 c,exp(ze~ith),
n=1 n=1

f(2) = $1(2)/$4(2)

We note that for |z| = 7,

and so
(rf) =

Suppose next

16:(2)] <S8y, [$a(2)| < Sy

( zl) (r, $0)+T(r, 5)+0(1) < 2r4-0(1).

that » > 1 and that
0,—%my, <0 < 0n+%ﬂnn'

Then we have forv < n

9——9, = (en—'on-l)'—'%ﬂ'nn = 77(’77»—1—%%) = %”#m
and for v > n, we have

b,—0 = 0,11 —0,—3mn, = §u1,.

Thus in all cases

and so
Thus if 0 lies

|$1(2)

Similarly we have in this range

so that

| = &my, ( mod 27) (v # n),
cos((),, 0) < cos(%mm,).
in the range (4.33) and z = re® we have
—cpa,exp(zeifn) | < z lc, a, exp{r cos(6—0,)}|
<

S 1 exp(r cos £m,,).

|$o(2)—c, exp(ze=tn) | < Syexp(r cos§m,),
|$g(2)| > c,|exp(ze )| —S,exp(r cos $my,)
= c,, exp(r cos §m,,) —S, exp(r cos §m,,)

= %cn‘exp(r cos %ﬂnn)

for all sufficiently large ». Thus

lf(z)—anl =

We deduce that as r - co, we have uniformly for |6, —

1
log?| s | > rteos brn—eos gn,)+ (D)
= 2rsin }nn, sin 37y, + 0(1) roa+0(1).
Thus On+ 3 ]
)z [ |y 2 o

¢'1 (Z) —a, ¢2_(Z

_ {8i-+la,| Siexp(r cos ).
$2(2)

%c,, exp(r cos w1,

on— hﬂ)n

99

(4.32)

(4.33)

0| < 3,
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Thus in view of (4.32)
Lnar _m3
S(amf) 2 9. 1 = 77_.

This proves Theorem 4.3.

4.3.1. Theidea of the above construction goes back to Gol’dberg [2],
though Gol’dberg used a more complicated meromorphic function in-
stead of e*. He [4] also constructed similar examples where f(z) has arbi-
trary order p, subject to 0 << p < 0, and proved further that f(z) has
no deficient values other than the a,,. Such results may also be achieved
by means of a construction similar to the above. In fact if

Po(z) = l'I (T4z/n-te) (0 <p < 1),

n=1

then it is classical that y,(z) is an integral function of order p and

log y1,(retd) ~

2P, asz—>
sinmp

uniformly for [argz| < #—38, and
logltﬁp(reio)l < (QE?-TTP.{—O(I))COSp(ﬂ—S)TP (m—8 < |argz| < =)
(see section 4.6.4). Thus if we set

i Cnln l/’p(ze_ia")
f) = =2 |
'ngl Cn l/’p(ze_ta”)

we can prove just as in the above example that f,(2) has order p mean
type and that

8(an,f /Pzn" (n =1 to o0).

The reader should verify this. By considering f,(29) instead of f,(2),
where ¢ is an arbitrary integer, we obtain a function f(z) with similar
properties and order gp which can be an arbitrary positive number.
It is also possible to calculate the deficiencies 8(a,,f) explicitly and to
prove that the a, are the only deficient values in examples similar to
the above, but here the proofs are more complicated and we omit them.

4.4, Some results for functions of non-integral order

It was shown by R. Nevanlinna [1, p. 51] that a meromorphic func-
tion f(z) of order p can only have two distinct values a, b, such that
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8(a,f) = 3(b,f) =1 if p is a positive integer or if p = +4-o00. The
examples f(z) = e¥@, where g(z) = 22 or g(z) = €?, and

3(0,f) = 3(co,f) =1
shows that these cases are indeed exceptional. We proceed to prove
Nevanlinna’s

THEOREM 4.5. Suppose that f(2) is meromorphic in the plane and of
finite order A, where A is not a positive integer. Then
Tim N(T,f)+N(T, l/f)
K(f) =Ilim = k(X),
() r—>o T(r,f) @)
where EA) =1-2, ifo<d<],
and
k() = (g+1-)(A—q)/2X(g+1)}{2+1og(g+1)} if A >1and ¢ =[A].
To prove this result we need a lemma proved for sequences by

Pélyat and in the present form by Shah [1, 2] and also used by Edrei
and Fuchs [3].

LeMMA 4.7. Suppose that ¢(t) and J(t) are continuous positive functions
of t for t = t,, that (t) is non-decreasing, and further

T 4(t) = +o, (4.34)
.80 .
lim o =" (4.35)
Then there exist arbitrarily large values of r such that simultaneously
() < d(r) (B <t <) (4.36)
nd ) B0 (<. 4.3
’ 0 Sun CSY (437)

Values of r satisfying (4.36) and (4.37) are frequently called Pdlya
peaks. Suppose that ry > t,. Then by (4.34) there exists vy > r,, such
that

¥ $(vo) = sup 4(o).

\ to<i<wo
By (4.35), and since ¢(t)/4(?) is positive and continuous for ¢ > ¢;, there
exists v; > v, such that

$(») $(t)

= sup .

Bor) et $l0)

Since ¢(t) is continuous there exists , such that vy < r < v, and
$(r) = sup ¢(f) = sup (1),
vo<i<n to<i<y1

1 Pélya and Szegé (1, p. 18].
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which implies (4.37) since {(t) is non-decreasing and for ¢ > v, we have
#()  $0n) ()
$(E) T Pey) )
Thus (4.36) and (4.37) both hold for this value of , and since r = r,,
and r;, may be chosen as large as we please, we have Lemma 4.7.

4.4.1. We now suppose that 0 <{ A < co and that A is not a positive
integer and set ¢ = [A]. If f(2) is the function of Theorem 4.5, then it
follows from Theorems 1.9 and 1.11 that

[17G
f(z) = zpeP0 ¥ °
z
[17:¢
where E(z,q) = (1—z)exp(z+§z2+...+$zq),

the products are formed with the zeros a, and poles b, of f(z), P(z) is
a polynomial of degree at most ¢, and p is an integer. We deduce that

Tir.f) < (rl—[E( , ))+T( I_[E( , ))+0(r'1)+0(logr

In view of Theorem 1.11 applied with ¢+ 1 instead of ¢ we have

T(r,f)<cl(q)(rq [ H0E e j atdLe )+0( )+0(logr),
0

where n(t) = n(t,f)+n(t, 1/f)—n(0,f)—n(0, 1/f).
Here we use the fact that for an integral function I1(2)
T(r,1I) < logmax |II(2)]
together with (1.21). Also o
al@=1, ifg=0,
¢(9) = 2(g+1){2+1log(g+1)} ifg>1
We integrate by parts and deduce that

T(r.f) < c;(q)(qﬂ | N—tfffgf)w(r«).

ta+1
0

If N(r) has order less than A, we deduce immediately that 7'(r) has
order less than A and so obtain a contradiction. Thus N(r) has order A



4.4 FURTHER RESULTS ABOUT DEFICIENCIES 103

and we can apply Lemma 4.7 with N(t)/tA~<, and #2 instead of ¢(t), (t)
respectively, where ¢ is a small positive number. This gives

N < (;)A"EN(r) 1<t<r),

$\A+e
¥ < (Ve r<t<o)
If A < 1, ¢ = 0, so that ¢,(¢) = 1, and we deduce

? Ate~2
T(r,f) <rN(r)f(;) dt-4+0(1) = lz_vi’jﬁou).

Since ¢ may be chosen as small as we please this gives
= N(r)
Im ——~ =
r— 00 T(r ,f)
Suppose next that ¢ > 0, so that ¢ < A < ¢+1. Then we obtain
T(r,f)—0(r9)

< cl(q)N(r){qr‘l f (;)A"gf—ﬁ(qﬂ)wl fm(;)M Fﬁ‘z]

g+1 } _ N()el@)A—(2g+1)g)
g+1—A—¢f  (A—g—e)(g+1—A—¢)
for a sequence of r - co. It is clear that for such values of r /

1;\(__’3 > C >0, sothatr?=o{N(r)}.

E(f) >1-A.

= Nl =L+

-

Also € may be chosen as small as we please. Thus in this case

— NG  (@+1—N0—q)
K(f) =Tm > .
N =t i~ e

This completes the proof of Theorem 4.5.
The bounds obtained for %(A) are not sharp. The inequality

EA) =>1—-2 (0<A<])
is due to S. M. Shah [3]. The best possible value of k() in this case
is given by k) = 1 O<A<E),

k) = sinmd (3 <A <1).

This result, due to Edrei and Fuchs [3], will be proved in Theorem 4.14.
In case A > 1 the best value of %()) is not known. However, Edrei and
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Fuchs [1, p. 294] have proved that the best value of k()) satisfies the
inequalities jsin(m)|

2-22+ }[sin(mA)|

|sin(mA) |

SHN < i)

where ¢ = [A].

4.4.2. Before continuing we prove the following result of Wittich [1,
p. 22]:
THEOREM 4.6. If f(2) is an integral function of finite order, then
2 8@.f) <3(0.f).

In fact in this case it follows from Theorem 2.2 that (4.17) holds in a
somewhat stronger form and without exception as » — oo, for any finite
set of distinct numbers a, (v = 1 to ¢) , so that

L 1 1
m\|r, ———| < m|7r, =} 4 O(logr),
2. ( Feray) <l ) +-00osn

as r > 00. Thus dividing by 7'(r,f’) we deduce that
g
m(r, 1/{f (2)— av} < 5(0,f").

i
=1 e (r.f")
Further,
- T(r,f") = m(r,f") < m(r,f)+m(r.f'[f) < T(r,f)+O(ogr).
us
S f) = lim ™0 W@ =a)) _y mr 1{fe)—a})
@.f) = m == S =7
Thus we deduce i 3(a,,f) < 8(0,f"), ‘
v=1

which gives Theorem 4.6.
We deduce the following:

THEOREM 4.7. If f(2) is an integral function of finite order A which is
not a positive integer, we have

zaaf ()’

where k() is the quantity of Theorem 4.5.

It is known that if f(2) is any meromorphic function then f(z) and
f'(?) have the same order.f For integral functions f(z) we prove this
very simply as follows. Let

M(r) = max|f@)]|,  My(r) = max |f'(z)

l2]=7
+ This result was announced by Valiron [1, p. 129], who proved that the order of
J’(z) does not exceed that of f(z). Whittaker [1] proved that the two orders are actually
the same.
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Then M(r) < rMy(r)+0(1),
8o that log M(r) < log M,(r)+O(log ).
Thus the order of f(z) (which may be defined in terms of M(r) by

Theorem 1.7) is not greater than that of f'(z). Conversely we have by
Theorem 2.2

T(r,f") < T(r.f)+m(r.f'[f) < T(r,f)+O(logr),
so that the order of f'(z) does not exceed that of f(z). We deduce that
in our case f’(z) has order A and so by Theorem 4.5 applied to f’(z) we
have, since N(r,f') = 0,

N(r, l/f
5(0,f") Tim Trf < 1—EkQ).

On combining this with Theorem 4.6 we deduce Theorem 4.7.
4.4.3. We note in particular that if
28af)=1
az# o

for an integral function of finite order A, then X is an integer ¢. This
result is due to Pfluger [1]. However, much more than this is known.
Pfluger himself proved that in this case all the deficiencies are integral
multiples of 1/g. Recently Edrei and Fuchs [1, 2] have notably ex-
tended Pfluger’s result. They have shown that in this case f(z) also has
lower order g [1, Theorem 5] and all the deficient values a, of f(z)
are asymptotic values, i.e. f(z) > a, as z —> oo along a suitable path T,
[2, Theorem 2]. Further, if ®
z) = ;f 2"

then the set of integers n for which f, 7 0 has a positive density &
which is also an integral multiple of 1/¢g. Further results yielding this as
a special case also hold whenever K(f’) is sufficiently small, depending
on theorderof f(z), where K(f)is the quantity occurring in Theorem 4.5.

Lack of space prevents us from giving proofs of the above results,
which are far from simple, but the reader is referred to the original
papers.

No analogue of Theorem 4.7 is known for meromorphic functions f(z)
but it is conjectured that such an analogue holds, namely that in this

oase 3 8(a.f) =2

implies that f(z) has order 1q, where ¢ is a positive integer or +-co.
For examples of cases where the order is in fact an odd multiple of }
see F. Nevanlinna [1] and R. Nevanlinna [2].

.
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4.5. Gol’dberg’s theorems on the means of analytic functions

We now proceed to discuss some results of Gol’dberg [3] which have
far-reaching effects on the problem of deficiencies of meromorphic
functions of genus zero. We have

THEOREM 4.8. Suppose that $(y) is a convex function of logy for
0 <y < oo. Suppose further that, forv = 1 to n and real 0, the functions
4,(0) are even, periodic with period 2m, monotonically increasing in
the range 0 < 0 < m, and satisfy 0 < m < y,(0) < M. Then if the 0,
(v = 1 to n) are arbitrary real numbers, we have the inequality

f ¢{ﬂlyv(6+0v)}d6 < j" ¢{;[i[1y,,(6)}d6.

We need the following

Levma 4.8. If (t) is a convex function of t for all real t, then
P(t-+R)4-(t—h) is an increasing function of h for a fixed t and b > 0.

It follows from the definition of convexity that if ¢, < f, <<it; we

h
ave (ba—t)iblte) < (la—ta)h(ta)-F(ta—ta)b(ty)-
We set t, = t—h,, t; = t-+hy, and ¢, = tFh, in turn, where
0 by <hy
This gives

2h2‘/’(t+h1) < (k1+h2)‘/‘(t+h2)+ —hl)‘/‘ t"‘hz)»
2hy p(t—Ry) < (hg—h)p(E+ho) -+ (hot Py )t —hy).
Addlng these inequalities we obtain

2ha{(t+y) +p(E—hy)} < 2Ro{ih(E+-Ro) +‘/’(t—‘h2)}

which yields the lemma.
We deduce ;

Lemma 4.9. If ¢(y) is a convex function of logy for 0 < y < co and

fo<a<<d4d <o 0<b<< B < oo, then we have
$(4b)+$(aB) < $(ab)+$(4 B).

We set a = eh™, 4 = ehth, h = eh-M1 B = e+t and y(t) = (e
so that {(¢) is a convex function of ¢ for all real . Then Lemma 4.7 .
gives

‘/’(t1+t2+hz—h1)+‘/’(t1+t2+h1—h2)
< Yty Htat-hy+ho) (b -+t —hy—hy)

which is Lemma 4.9.

4.5.1. We can now complete the proof of Theorem 4.8. Since the y,(6)
are periodic of period 27, we suppose, as we may do without loss in
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generality, that 0 < 6, << 27 (v = 1 to n). Suppose that 6, > 0. Then
it follows again from the periodicity of the functions y,(6) that

T n T—30, n
f ¢{v1'=[1yv(0+0,)}d0= j* ) ¢{£[1y,,(0+0,,)}d0

i,
T oon
= [ #{TLo.(0+1,) a5,
where o
k, = 0,,—%0” (mod2x) (0<k, <27 1<y n)
Weset  f@)= T (0+k,),
o< ky<m
0) = —0+-k) = 0—*k,),
f2( ) ws;gl;zﬂyv( + v) n<hi< 2"yv( v)
since the y,(0) are even. We note that if 0 < 6 < 7, we have
y(0—k,) < y,(0+k,) f0<LE <,
while y,00+k) <y, 0—Fk) fn<k, <27 -
In fact cos(0—k,)—cos(6+%,) = 2sinfsink,,

so that cos(§—%,) S cos(0+4%,) according as = Sk, Since by hypo-
thesis the functions y,(6) are decreasing functions of cos, our result
follows. We deduce further that for 0 < 6 < =

fi(=0) < fi(6),  fol—0) < [0
Thus Lemma 4.9 yields

J {11 w0-+0)) a0 = [ str@s—0y a0
— [ WAO A=+ S0 100 20

< | HAOLOM SO 1—0) 20

m

= [ $10)f:0)}d0

kg

= H(o IT v.(0+k,) ;‘L%va—k,)}do

Shky<mw

= [o(fTv0re)as

-~
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0, = k,—30, (mod 27), 0O, <2 fOLEk <m;
0, = —k,—30, (mod27), 0< 0, <2m, ifn S'k,, < 2m.
If 6, = 0 then k, = 2r—16, > =, so that 6, = 0. Further,
ky =30, <m
so that 6, = 0. If one of the quantities 6, is different from zero we
proceed in this way again and obtain a new set 6, which are zero

whenever 6, is zero and for one extra value of v. After at most » steps
we reach a position where all the 0, are zero. Since

T n
[ #{TLw.(0+6,))ae
is non-decreasing from stage to stage, Theorem 4.8 follows.

4.5.2. Gol’dberg’s inequality in Theorem 4.8 has many applications
to function theory. The most important one from our point of view
is the following due to Gol’dberg [3] himself.

THEOREM 4.9. Suppose that f(z) is a meromorphic function of genus 0,

f(z)=0zqﬁ(1—ai)/ ﬁ(l—bi) ' (4.38)
and set fz) = |02 ( m)/ H( lbvl)' (4.39)

Then if ¢(y) is a convex functwn of logy for y > 0 we have
2m 27
[ $170re®)1)d6 < [ (1 (ret®)1) a6, (4.40)
0 0

provided that r # |a,|, r # |b,| for any p or v. In particular
m(r.f) < mir.f), m@r,1)f) <m@1f) (0 <r <o),
and hence 8(0,1) < (0, 1), 3(c0,f) < 8(c0,f).
To prove (4.40) suppose first that the products in (4.38), (4.39) are
finite. Then (4.40) follows from Theorem 4.8 on setting

a, = la,le®* (p=1to M), b,= [ble® (v=1toN);

yv(0)=‘l_!;|e‘i9’ 0v=—av (V:].tvo.M);
-1
y,(0) = '1+ 7 [ew , 0, =m—B,_y (= M+1to M+N);
—-NM

y(0) = [C|rt (v =M+N+1).
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It is clear that the hypotheses of Theorem 4.8 are satisfied and (4.40)
follows in this case. Also the general case of (4.40) follows at once since,
on a circle |z| = r containing no zero or pole of f(z) and f@), f(z) and
f(z) can be uniformly approximated by ratios of partial products P(z)
and P(z) of the infinite products occurring in (4.38) and (4.39). Since
¢(y) is continuous for positive and finite values of ¥ and so uniformly
continuous on the ranges of P(z) and P(z) the inequality (4.40) follows
from the corresponding result for P(z) and P(z).

By choosing ¢(y) = log*y = max(logy, 0), which is clearly a convex
function of logy, we obtain

m(r.f) < mir,f)
and by taking ¢(y) = log+(1l/y) = max(—logy, 0), we deduce

)<=

This inequality holds in the first instance for » s |a,| or |b, |, but
remains true by continuity for all posmve values of 7.
Finally, we evidently have N(r,f) = N(r,f). Thus

____r_f______ im - .__7,"_(._’j_)___,. _ 2
80.0) = lim s N ) S B i N ) — 0O

and similarly © §(c0,f) < 8(c0,f).
This completes the proof of Theorem 4.9.

4.6. Deficiencies of functions of genus zero
In this section we consider the following problem. Suppose that f(z)
is a meromorphic function of order p, where 0 < p <{ 1, and that

8, = 8(a,f), 8 =38(b,f), ’ (4.41)

where a, b are distinet complex numbers, one of which may be infinite.
What can we say.about the possible values of the pair of numbers
8, 8,7 The complete answer to this question was found by Edrei and
Fuchs [3] in the following striking
THEOREM 4.10. With the above hypotheses set uw = 1—38,, v = 1—3§,.
Then in addition to the trivial inequalities 0 <w <1, 0 <v <1, u, v
satisfy the inequalities
. u?+4v2—2uv cos mp > sin®mp. (4.42)
Further,
if w<<cosmp,thenv =1 and ifv <<cosmp,thenu =1. (4.43)
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Edrei and Fuchs also showed that if §,, 8, is any pair of numbers
satisfying the conditions of Theorem 4.10 then a meromorphic function
f(2) of order p exists satisfying (4.41), but we shall prove this only
when equality holds in (4.42) or when (4.43) holds. The inequality
(4.42) represents the outside of an ellipse touching the lines w = 1,
v= F1. If p =1, Theorem 4.10 becomes trivial. If } < p < 1, the
theorem asserts that (u,v) must be confined to those parts of the square
S: 0 < u <1, 0< v< 1 which lie outside or on the ellipse

E: u?+0v*—2uv cos mp = sin’mp,

which in this case touches v = 1 and v = 1 at points exterior to the
boundary of S. If 0 < p < } the ellipse E touches u =1, v =1 at
the points (1, coswp), (cosmp, 1) respectively. In this case (u,v) lies
either on one of the lines w = 1 or v = 1, or in the corner of the square
S, containing the point (1, 1) on its boundary, which is cut off from §
by the smaller arc of £ which joins (1, coswp) to (cosmp,1). Finally,
if p = 0, Theorem 4.10 asserts that w = 1 or v = 1, so that in this
case f(z) can have at most one deficient value. This result is due to
Valiron [2].

4.6.1. To prove Theorem 4.10 we may confine ourselves to the case
0 < p < 1, since the result is trivial for p = 1. Also we may suppose
without loss in generality that @ = 0, b = 0. For if a, b are both finite
we may set ‘

flz)—a
$(2) B
and then ¢(z) has the same order as f(z), and

3(0, $) = 3(a.f), 8(c0, ¢) = S(b’f)

If a is finite and b = oo, we consider similarly ¢(z) = f(z)—a. Next we
may assume that f(0) = 1, since otherwise f(2) = czfg(z), where g(0) = 1
and f(z), g(2) have the same deficiencies at 0, co, except in the trivial
case when f(z) is rational, which we ignore. Thus

IT (1—2/a,)
f(z) = 1‘%'1_—"_ ’
'E(l—z/bn)

where a,, b, are the zeros and poles of f(2). It follows from Gol’dberg’s
Theorem 4.9 that if

00

T1 (1+2/la,))
foy =1t — (4.44)

T (1—2/1b,))

=1

S
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then §(0,f) < 8(0,f) and (oo, f) < 8(oo,f). Also by Theorems 1.9,
1.10, and 1.11 the orders of f(2) and f(z) are the same, being given in
each case by the larger of the orders of N(r,0) and N(r,0). Thus if
Theorem 4.10 holds for f(z) it holds also for f(z). Hence we may con-
fine ourselves to the case when f(z) has all its zeros on the negatlve
real axis and all its poles on the positive real axis so that f(z) = fe) is
given by (4.44).

In this case we have, except when z is real,
-]

logf(z) = f log(1+2/t) dn(t, 0)— J log(1—2z/t) dnt, ).
0 0
Integrating by parts twice we obtain

log/ (2 “sz t+)2+f "i'tzﬁ

Theorem 4.10 is trivial if either » = 1, or » = 1, i.e- unless §(0,f) > 0
and 8(co,f) > 0. Thus we may suppose that for all sufficiently large »

we have m(r,f) >0 and m(r,1/f) > 0. (3.45)

It is easy to see that |f(re’f)| is an even function of 6, which decreases
as 0 increases from 0 to #. Thus in view of (4.45) we have

log|f(r)] > 0 > log|f(—r)|.

Also there exists a uniquely determined number 8 = B(r) such that

0 <B(r)<m, log|f(re®)| = 0, (4.46)
and

B B
m(r.f) = 1 | log](re)| a0 = *lim f log| £ (rei®)| d6

© ret retB
1,. dz
= -lim{# | N(,0)dt (¢, 00) dt
m‘fz{ f 0 f( +t)2+“”fN ') L( —t)}
This gives
_1 3 rsin B d¢ __rsinfdt
= ™ f N, 0) t2+2tr cosﬁ+r2+ fN 2trcosB+r2
0

L1 3 rsind dt rsind dt
_2—131_1 N, 0) 24 2tr cos 8+r2_§l_rflo; N( ’ )t2—2tr cos 412’
0 0
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Here the first limit on the right-hand side is clearly zero. Also as 8 -0,
rsin & __0()
—2trcos§+r2 241
for a fixed r, uniformly in ¢ outside a range r—n < ¢t < r+n for any
fixed positive 7. Also since N (¢, ) is continuous, N(¢, o) is nearly equal
to N(r,c0) in this range if 7 is small. Using these facts we deduce that
as 8 -0,

}_th rsin 3 dt N(r oo) rsin é dt
—2rcosS+4r2 —2trcos 84

+Ho()

N(r, ) f reind dt
_ .

—2tr cos 872 +o(1)

0= N(r, =) [tan—1<t_’."°s 8)]:+o(1) — N(r,00)+o(1).

T r8ind
Thus we deduce finally that
T(r,f) = m(r,0)+N(r, )

rsinB dt rsmﬁ dt
fN (-9, 24 2tr cos,8—|—r2+ f N, 2 2tr cos B2’ (4.47)
4.6.2. Proof of Theorem 4.10. We now set
rsiny
-7 (0
Pltr,y) = ™ t2+2trcOSy+r2 (0 <y <),

so that (4.47) may be written as 4
T(rf) = [ N(t, 0P(t,r,B)dt+ [ N(t,c0)P(t,r,n—B)dl. (4.48)
0 0

By hypothesis this equation is valid for all sufficiently large r and
some B = B(r) satisfying (4.46). We now apply Lemma 4.7, choosing
T
B0 =20, gy =
where ¢ is a fixed positive number, and A = p-+e. We also assume that
0<A<l.
Then by Lemma 4.7 we can find a fixed positive ¢, and some arbitrarily
large values of » such that

txg)s ,ASzl t<t<7)

(4.49)
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We choose
U>u=1-80,f), V>v=1-300,f), (4.50)

so that we have for all sufficiently large ¢
N(t,0) < UT(,f), N(t,0) < VT(t,f).
Thus (4.48) and (4.49) yield for some arbitrarily large values of r,

T(nf) < UT(,f)) [ Pt ey 2€dt+f t/r’\Ptr,B)dt}-i-
0

+VT(r,f) { f P(t,r,m—PB)(t[r)2¢dt+ f (t/r)AP'(t, r,n—,B)dt}+17(r),
’ " (4.51)
where

7(r) < N(ty, 0 fPt r, B) dt+N (¢, oo fPt t,r,7—p)d O(l)

Since we may replace U or V by a slightly larger quantity, and
T(r,f) > 0, as r - oo, the inequality (4.51) holds for some arbitrarily
large r with 7(r) = 0, whenever U, V satisfy (4.50). We set ¢t = rs in
(4.51) and deduce that

[ @trp=2P(t,r,y)dt+ f (t/rP(t, 7, y) dt

0

sA-2P(s, 1,y ds+fs*Ps 1,y)d
1

$\P(s, 1,v) ds+ ( ($A-26—sN P(s, 1, v) ds.
0
An\‘elementa,ry contour integration shows that, for 0 < A < 1,

(]
I
o—.,8 O%H

-2}

’ 1 [ ssinyds

AP(s,1,y)ds =~ | > SBYES
fs (s:1,7)ds ﬂf82+28008'y+1
0 0

2 . Ssiny .
— t 2 = ei@FY)
m(z residues of %5008yt 1 at z )
__ sin(yd)
~ sin(m)’

Also since A > 0, we have, if 0 < e < 3,
1
~f(8*'2‘——-5'))1’(3,1,'y)ds {max (st~ 2‘—8*}f s~tP(s, 1 y)ds

<
0 0<s<1

< Ae,
853503 I
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where A is an absolute constant. Thus we deduce from (4.51) tha,t we
have for some arbitrarily large values of r

1 < max U sin(ﬁ)\)—{.-Vsin(ﬂ—B))\
o<psw sin A

+ Ae,

when ¢ is a sufficiently small positive quantity, e.g. if 0 <e <.
Suppose that vy is s chosen that 0 < y < =, and

Usinyd+V sm(w—y))\
is maximal. Then we have for this value.of y
(1—Ae)sinmX < UsinyA4-V sin(m—y)A
. = (U—VcosmA)sinyd+VsinmAcosyA.  (4.52)
Hence, by Schwarz’ g inequality,
(1—Ae)?sin?mA < {(U V cosmA)2+ V2 s1n271)\}(s1n2y)\+cos2y)\)
= U24-V2—-2UV cos 1r)\
In this inequality we first make € — 0, and then let U - u and V —v.
This yields (4.42) as-required. :
It remains to prove (4.43). Suppose, for example, that u < coswp,
v < 1. We may then choose ¢ so small that u < cos7A = cosm(p+¢)
and further choose V. such that v < ¥ < 1 and u < V cosmA and set
U = VcoswA. Then (4.52) yields .
(1— Ae)sm 7A < VsinmdcosyA < Vsinmd.
In this inequality we can let V decrease until either V —wv, or
V cos A = u. Thus we deduce that elthervt> 1—Ae, or usecmA > 1—Ae.

We now let e - 0,50 that X = p, and obtain a contradiction. This com-
pletes the proof of Theorem 4.10.

4.6.3. Consequences of Theorem 4.10. We can deduce immediately
some striking corollaries from Theorem 4.10. We have first

TrEOREM 4.11. If f(z) is a meromorphic function of order p, where
0<p<i}, and 3(a,f) >0 when p=0 or §(a,f) = 1—cosmp when
p > 0, then a is the only deficient value of f(2). In particular a meromorphic
Junction of order zero can have at most one.deficient value.

If 8(a,f) > 1—casmp, this result follows at once from (4.43). If
0 < p < % and §(a,f) = 1—cos wp, so that u = cos p in Theorem 4.10,
then (4.42) yields v = 1 or » < cos 2mp. In the latter case (4.43) implies
u = 1, since cos2mp < cosmp, for 0 < p < 4, giving a contradiction.
Thus we must have » = 1.
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Theorem 4.11 was proved by Teichmiiller [1] for functions with
positive poles and negative zeros and in the general case by Gol’dberg
by means of his Theorem 4.9. The case p-= 0 is due to Valiron [2].

We have next

THEOREM 4.12. If f(2) is a meromorphic function of order'p, where
0 < p < 1, having zeros a, and poles b, such that

la,| = |b,] (»=1,2,8,..),
then 3(0,f) = 8(o0,f) < 1—cos }mp.
We have clearly in this case
N(r,f) = N(r,1/f) and hence §(0,f) = 8(co,f).

Hence by Theorem 4.11 we may assume p > 0. We apply Theorem

4.9 with 4 = v = 1—8(0,f) = 1—38(00,f). Then (4.42) yields
2u?*(1—cos wp) = sin?mp, u? > cos? 37p,

* which gives the desired conclusion. This result is due to Teichmiiller [1]

for functions with negative zeros and positive poles and to Gol’dberg

[3] in the general case.
~ “We have also two results due to Edrei and Fuchs [3].

k THEOREM 4.13. If f(2) is an integral function of order p, then

<p<3)
ZS(af {< 1—sinmp (4}<p<1) %

We have by Theorem 4.6
2, 3@.f) < 8(0.1; .
also f (2) has the same order as f(2), and setting w = 1—3§(c0,f’) = 0,
v = 1-28(0,f'), we obtain from (4.42)
' v == sin7p,

which gives the required result for § << p < 1, and for 0 < p < } we
have v = 1 from (4.43). This proves Theorem 4.13.

For p < 4 Theorem .4.13 follows at once from a classical theorem of
Wiman [1] that there exists a sequence 7, — oo, such that as n — oo,

|f(rn€®)| - +co, uniformly in 6.

Thus m{r,,(f—a)-1} = 0 for any finite a and all large n, and so
3(a,f) = 0. The case 3 < p < 1, however, represents a sharp form of
Theorem 4.7 for functions of order less than 1.
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Finally we have
THEOREM 4.14. If f(2) is meromorphic of order p, then

K(f) = h—N(r 0)+N(r,oo)
r—>10 ,f)
where k(p) = 14f 0 < p < %, k(p) = sinmp, if 3 < p < 1.

This result represents a sharp form of Theorem 4.5 for functions of
order less than 1. We cannot deduce Theorem 4.14 at once from
Theorem 4.10. In fact that theorem would only yield the weaker
inequality 8(0,f)+8(c0,f) < 2—k(p). However, we can proceed as
follows. If p = 0, f(2) has at most one deficient value by Theorem 4.11
and hence either §(0,f) = 0 or 8(c0,f) = 0. If, for example, §(0,f) =0,
we have N

N(r,0) _

K(f) = lim ST

so that Theorem 4.14 follows in this case. .
Suppose next that 0 < p << 1. We assume again that 3(0,f) > 0,
8(o0,f) > 0, since otherwise Theorem 4.14 is trivial. Then (4.48) yields

= k(p),

S(O»f) = 1,

< f {N(t,0)+N(t,00)}P(t,r,7) dt,
0

where 7 = 7(r) = max{B(r), 7=—p(r)}, so that
P(t,r,7) = max {P(¢,r,B), Pt r,m—PB)}.
For K > K(f), we have
N(t,0)+N(t,00) < KT(t)

for all Jarget. Proceeding as in section 4.6.2 we are led to
7)< KT()| [ P, el det [ Pt o)t dt|+ 00y
0 r

for some arbitrarily large r, where A = p+-¢, and hence to
(1—Ae)sinmd <'K max sin7a, (4.53)
: 0<T< ™ ,

instead of (4.52). This yields in any case K > (1+—A4e)sinwA, and hence

K(f) > sinmp on letting e -0, K > K(f). If 0 <p < $, we may

choose A < 4, and so sin7A < sin#A, for 0 < 7 < 7. Then (4.53) yields

K(f) > 1 as required.

4.6.4. Some counter-examples. We proceed to give some examples to
show that the conclusions of Theorems 4.10 to 4.14 are best possible.
Suppose that f(z) is an integral function of genus zero, that f(z) has
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real negative zeros and f(0) = 1. Then we have
©
n(t, 0)dt
1 = AL
o8l == | ey
0

Suppose that n(t, 0) = [«tf], where « > 0 and 0 < p < 1. Then we
deduce that for the corresponding function f(z) = f(z, o, p) we have

Cot-ldt [ O(1)dt
« - zf( () 1+2, say.

logf(e) = # f P Q) P
If z = re®, where 1 < r < 00, 0 < |8] < m, the second integral is easily

seen to satisfy
|12| < A{log( |0])+10gr}

where 4 is an absolute constant. Also by means of a complex substitu-
tion ¢ = zx, the first integral becomes

I = ozp fw w1 do amP(cos;ao-{—zsmpB)
=

o

14 sin 7p
0

Thus we have for z = retf, O<|0|<rr,l<r<oo

P 9+0 1
= Pr cosp + (logr+ 0g — |0|)

log|f (2, «, p)]|

We can set f(z) = }%:V’ZLBPL)’

where 0 <p <1, and « =8 >0. We deduce that for z = retf,
0 < |6] < =, we have as r — co, uniformly in 6,
P ‘
log|f (2)] = =~
The function «cospf—pBcosp(r—0) decreases steadily with 6, for
0 < 0 < 7 from a—f cos p to o cos pr—B. We now distinguish two cases.
(i) If acospm > B, then as r — o, we have

sinp (« cos pf—B cos{p(m—|6])}) + Oflog(r [cosec 6])}.

m(r,f) = sizlr;p;l; f {o cos pf—p cos p(m—0)} df+ O(log r)
o
= ffﬁ 7P+ O(log r),
N(r’f) = f n(t,{)dt = g ?‘P+0(10g7‘),
0

m(r, 1/f) = O(logr).
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Thus T(r,f) ~ Q‘LP,
P
and 80,/) =0,  8(c0,f) = “:B.

Thus & = 8(co,f) may take any value satisfying 1—cospr < 8 < 1,
while 8(0,f) = 0. Thus we see that any pair of values (u, v) or the line
segments (4.43) can actually occur for a meromorphic function of order
p(0<p <)
(ii) Suppose next that «cospr < B < «. Let 6, satisfy
acospfy, = Beosp(mr—b,), so that tanpb, = a—ﬁgl—fl—%’f

Then we have as r - o0

m(r.f) =

f {« 008 pf— B cos p(m—B)} d6+O(log 7)

sin k4

Ssinn {a sin pf,+B sin p(m—06,)— B sin mp}-+O(log r),

and similarly

1 —rP . . .
2 = — - - log 7).
m(r, f) e {asin mp— a.sin pfy— B sin p(w—0y)} 4 O(log r)
Further,

N(hf):\[ﬁi;d—t-}-O(logr =§ P+0]0gr)
[}

N ('r, }) = % rP+O(log ).
Thus

T(?‘,f) =

" {asin pfy+Bsin p(m— o))+ O(log ),
nmp

sin
—3(0.f) = asin peoﬁ-}; sinpp(n-—eo)
_ sin 7p cos pf,
™ sin pf, cos p(m—0;)+sin p(—0,)cos pf,
asinwp

—30.N) = p0,-+ B sin p(m—0,)
Thus (u,v) lies on the ellipse
u?+4-v2—2uw cos mp = sin?wp, (4.54)

= cos pf,,

= cos p(m—0).

so that equality is possible in (4.42).
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If 0 < p < 1, B may vary from « cos p7 to «, and“then 6, varies from
@ to 4m, and (u,v) describes the smaller arc of (4.54) from (cospm, 1) to
(cos }pm, cos pm). The case o= f shows that the inéquality of Theorem
4.12 is sharp. Also by taking , just less than , so that 3(co,f) is just
less than 1—cosmp while §(0,f) = 1—cos p(ﬂ'——eo) > 0, we see that
Theorem 4.11 cannot be sharpened. ;

If 3 < p < 1, then B may vary between 0 and u, and if 8 =0, so
that 6, = 7/(2p), f(z) becomes an integral function. In general 8, varies
from #/(2p) to }w, and (u, ) élescnbes the arc of the ellipse (4.54) from
(0, cos m(p—1%)) to (cos}mp, cos4mp), i.e. from (0,sinmp) to (cosimp,
cos 3mp). Thus again any pomts on the ellipse (4. 54) which lie in the
first quadrant can actually occur. Also the point (0, sinmp) corresponds
to B = 0so that f(z) becomes an integral function. Thus the inequalities
of Theorems 4.13, 4.14 are also sharp.

For examples in the ca,ses“\'vhere strict inequality holds in (4.42) we
refer the reader to Edrei and Fuchs [3}.

4.7. Extension of a theorem of Wiman-.
We conclude the chapter by proving

THEOREM 4.15. Suppose that f(2) is a meromorphic function of order
p, where 0 < p < %, and tha"t\: 8(a,f) > 1—cosmp. Then there exists a
sequence r, — +00, such that

frne®) >a, asn->co, uniformly for 0 <6 < 2.
(4.55)

This theorem represents a strlkmg extension of (4.43), for it is evident
that a function f(z) satisfying (4.55) cannot have any deficient values
other than a. For integral functions of order p << } the theorem states
that the minimum modulus .~

f"(r’\f) = |1:’|li=I: If(z)|

is unbounded as r — co. Thisi is an old theorem of Wiman [1].
Theorem 4.15 was proved by Teichmiiller [1] for functions f(z) with

negative zeros and positive poles and @ = 0. The general result was

then deduced by Gol’dberg [2,3] from Theorem 4.9. In fact suppose

that 8(c0,f) > 1—cosmp

and that f () is defined as in Theorem 4.9. Then by that theorem f(z)
has order p and satisfies
8(oo,f) > 1—cosmp.
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If we assume that Theorem 4.15 has been proved for f(z) we deduce
that u(r, f(z)) is unbounded as r — o0, and hence so is u(r,f) since
evidently u(r,f) = p(r; f ). Thus Theorem 4.15 holds for general f(2)
with @ = oo if it holds for the functions f(z) with @ = co. The case of
finite @ can be reduced to the above case by considering {f(z)—a}™*
instead of f(z). Thus to prove Theorem 4.15 it is enough to assume
that f(z) has positive poles and negative zeros and that @ = co. In this
case f(z) attains its minimum modulus on the negative real axis. We
shall assume that |f(—7)| < 1, 0 < r < 00, and shall derive a contra-
diction from this and the assumption §(co,f) > 1—cosmp. Our proof
follows that of Teichmiiller.

4.7.1. We need some preliminary results.

Lemma 4.10. Suppose that f(z) is a meromorphic function of order
p < %, that f(2) has positive poles z =1, 0 < n < o0, and that |f(—7)| <1,
0<r<oo. Then

log|£(2) Z g(z,b
1 pt
where g(z,b) = log Z% .

Clearly g(z, b) vanishes continuously as z approaches the negative real
axis for fixed b. Also for [z] < %|b]

1 2

5

2

0<geh) < | +ak

i 1|z
(1+§5

2t
+) <.25 .

Thus the series 3 g(z,b,) converges since f(z) has order less than 4,
and so ©
u(z) = log|f(z)|— n2=19(2, bn)

is harmonic in the plane cut along the negative real axis, and u(z) < 0
near the negative real axis.
Again if 2] = r = }R, the Poisson—Jensen formula shows that

. R+r —b,2
log|(2)| < e m(R)+ . log? .
Thus
R?—b,,2| |[2t—b}
u(z) < 3m(R,f)+ lo g'______ 2o

|R%+-b,,2
mEN+ 3, loeg, R
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Now |zt+-bk| > bt, and |b,2| << R2. Thus we obtain for |z| = r
ule) < 3m(R.f)+ > logt 3F < 4T(2R,f) = 4T(ar,f) = o)

as r - oo, where X is any number such that p <A<} We now
apply the usual Phragmén-Lindelsf argument. Consider for z = re®,
0< Il <m uy(2) = u(z)—er* cos A6,
where € > 0, and p < A < }. Then u,(2) is harmonic in the plane cut
along the negative real axis and u,(z) << 0 near the negative real axis.
Alsoon |z| =7

uy(2) < o(r")—ert cosdmr - —00, as r - —o0,
so that u,(z) < 0 on |z| = r for large r. Hence by the maximum
modulus principle applied to the disk |z| < r, cut along the negative
axis, we see that u,(z) << 0 for |2| < r, and so for all 2, since » may be
chosen as large as we please. Thus

u(z) < er*cos Af.

Since ¢ is arbitrary u(z) < 0, and Lemma 4.10 is proved.
We now write

x
2 dat
=2 -1
x(x) = - J tan—1¢ ;
and note that for positive b and »

6 eI (2l (r < b)
_f glre,b)d0 = % o f o ey @ﬂ/b»)d"‘{zx{(b/r)*} r > b).

We can see this by expanding the logarithm in a “power series and
integrating term by term. Also since tan—lr-+tan—!1/x = = we easily
deduce that x(1/t) = x(t)—logt (¢ > 1). Thus

—2—17—1_ fg(reio, b)do = 2X{(§)%} —2 log+(-£)%,

if b 5~ r, and the result continues to hold by continuity if b = r. In
view of Lemma 4.10 and the fact that g(reif, ) > 0 for 6 < , we deduce

that Z :( )} Zlogf _ 2 {(_) }-—N(r,f).

n=1

Thus Tr,f) < z {(bl)*} (4.56)
Z X6,
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4.7.2. To complete the proof we now need
LeEMMA 4.11. We have for every positive a and 0 < A < 1

3 x() dx logtx dx
f T <S°%”)‘)f s R

a

N r log*x dz r logzder 1 r
We have f T = f =5 f
1

21+

>«|._.

0
Again on integrating by parts twice and then setting 2 = y we obtain

X(x) dx x () da ta,n"lx dx
Tl ) ,,A Tl

~1-1A 1
= f a—c"‘(T-—I:;z) = f 'qi—-—;y — ™ cosec m(3—3A)

by a We]l-known contour integration. Thus

f {x(x)—sec(}m\)log*a}de _

21+
Here the integrand is clearly positive for x << 1. Alsoforz > 1
’ —_ 1/2 B
| X‘(x) sec(%w)\)g—c _E(;ta.n x sec%w)\).
The right-hand side is negative and so x(z)—sec(}mA)log*z steadily
decreases for x > 1. Thus there exists 4 > 1, such that

x(x)—sec(3mA)logte >0 (0 <z < 4),
x(x)—sec(3mA)logter < 0 (4 < 2 < o).

Thus I(a) = f {x(x)—sec(}mA)log+(x)} dx

Z1+A

is zero for @ = 0, decreases to a negative minimum for @ = 4, and then
increases again to zero for @ = oco. In particular I(a) < 0 for all
positive a. This proves Lemma 4.11.

4.7.3. Proof of Theorem 4.15. To conclude our proof we now note

that by (4.56)
Sivie)

T(r.f) < 2 {( )} whﬁe Nirf) =

n=1 n=1
where b,, are the poles of f(z) which are assumed to be real and positive.
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Also for p <A < }
J‘{T(r ,f)—sec(mA)N(r,f)}dr
ri+A

converges absolutely, since f(z) has order less than A and we may write

o3 g2 2

n=1

The change in the order of integration and summation is justified by
the absolute convergence of the two series of integrals of positive
functions. Again, setting (r/b,)? = ¢, we see that

f [2x{ (5%) %} —sec(rr)\)log‘f(r/bn)] ‘IZ:\

f () —sec(mlogt) T < o,
(albm}
by: Lemma 4.11 applied with 2A instead of A. Thus J(a) < 0, and so
for{gny positive a there exists » > a such that
“ T(r,f) < sec(m)N(r,f),
N(r,f) = cos(mA)T(r,f),
mir,f) < {1—cos(m)}T(rf)+O(1),

and éo 3(00,f) < 1—cos(mA).
Since A is arbitrary subject to p < A < %, we deduce that
w’f) < l—OOS(ﬂp), -

giving a contradiction.
It follows that if f(z) is meromorphic of order p < }, and

§(c0,f) > 1—cosmp,

then we cannot have u(r,f) < 1 (0 < r < o). By applying this result
to f(2)/c, we see that we cannot have u(r,f) < ¢ (0 < r < ), so that
p(r,f) must be unbounded. If f(0) 5= oo, so that u(r,f) is bounded in
any finite range, we deduce that we must have

lim u(r,f) = 4-oc0.
r—>0
Suppose finally that f(0) = . If f(2) is rational our hypotheses
imply that f(c0) = o0, so that "
fz) >0 asz-—> oo,
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and Theorem 4.15 is trivial. Otherwise it follows from Theorem 4.11
that 8(0,f) = 0, so that f(z) has infinitely many zeros. In this case
suppose that f(z) has a pole of order p at the origin and let a,, a,..., a,
be distinct-zeros of f(z). Then we apply our result to

_ 2f(2) _

) = ey ey .
Then ¢(z) also has order p and 8(c0,¢) = 8(c0,f) > 1—cos(mp). Also
¢(0) is finite. Thus

liTn.“'(r,f) = lim p(r, ¢) = +oo,

Pr—>0

and Theorem 4.15 is proved in all cases.

4.8. Conclusion

The results in this chapter represent a selection of the many interest-
ing theorems that have been proved recently concerning the deficiencies
of meromorphic functions. We have seen that a meromorphic function
f(2) of positive order p may possess a completely arbitrary countable
set of deficient values (Theorems 4.1, 4.4). For p = 0 it follows from
Theorem 4.11 that f(2) may possess at most one deficient value. One
of the most interesting open problems concerns the question of whether
an integral function f(z) of finite order p may possess infinitely many
deficient values.t If p < 4, it follows from Theorem 4.11 that such
a function cannot have any finite deficient values, but nothing is known
in general for p > 3.

In certain special cases we have some information. Thus Edrei and
Fuchs [4] have shown that if f(z) has all its zeros on a finite number of
straight lines then it can have at most a finite number of deficient values.
Edrei, Fuchs, and Hellerstein [1] also showed that in this case zero is
certainly a deficient value of f(z) provided that the order is sufficiently
large, depending on the configuration of the lines. Another interesting
general question concerns the possibility of replacing the order by the
lower order in some of the theorems of this chapter.} Thus Edrei and
Fuchs [1, Theorem 4] have shown that if f(2) is a meromorphic function
with two distinct deficient values then f(z) must have positive lower
order. We have already mentioned their extension of Theorem 4.7 and
the conjectured extension to meromorphic functiors. The interested
reader is encouraged to study some of the above papers whose contents
the author omitted from this chapter with regret.

t A positive answer to this question has now been given by Arakeljan [1].

1 A. Edrei and I. V.- Ostrovskii have informed me independently that they have
now done this.
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AHLFORS’S THEORY OF COVERING
SURFACES

5.0. Introduction

IN this chapter we develop a theory due to L. Ahlforst which is in
many ways parallel to that of Nevanlinna. The basic formulae are
comparable to differentiated versions of the first and second funda-
mental theorems of Nevanlinna. However, in Ahlfors’s theory the role
of points is taken by domains and we ask for the number of times that
the ima,g(e of a disk |2| < R by a function f(z) covers completely such
a domain.

Abhlfors’s theory, unlike that of Nevanlinna, is very geometrical in
character and the methods extend to quasi-conformal mappings. How-
ever, we shall confine ourselves here to the simplest cases since the
extensions give rise to more complications without demanding essen-
tially new ideas. Even the simpler applications, however, bring out
a rather startling and unsuspected link between results in the theory
of functions of a complex variable such as, for instance, Picard’s
theorem and the topology and differential geometry of surfaces. Thus
the two exceptional values that are permitted in Picard’s theorem are
related to the number 2 that appears in the Euler—Poincaré formula
for the characteristic of a surface.

5.1. Geometric preliminaries

We shall be concerned with the metric properties of sets of points
on the Riemann sphere of diameter 1. Lengths of curves will be defined
in the usual way. The distance between two points P,, P, on a sphere
is the lower bound of lengths of curves joining them and will be denoted
by P, B,; it is thus the smaller of the two great circle arcs joining the
two points. The diameter of a set E is the upper bound of the distances
between pairs of pomts in E. It will be denoted by 3(Z). The closure
of a set E will be denoted by E.

According to Jordan’s theorem any closed Jordan curve y divides
the sphere into two domains. Suppose that the diameter of y is less

t Ahlfors [3]. See also R. Nevanlinna [3, chapter 13] and Valiron [3, chapter 5].
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than }= and let P, be a point of y. The set of points distant at least }«
from P, constitutes a hemisphere which does not intersect v and so lies
entirely in one of the complementary domains of y. This domain will be
called the outside of y and the other domain the inside. If the diameter
of y is greater than or equal to 1= the terms inside and outside of y
will not be defined. :

Let D, be the inside domain of a Jordan curve y. Then §(D,) = ().
In fact since D, is compact and distance is continuous there exist points
B, P, in D, whose distance apart is 8(D,). These points cannot be
diametrically opposite, since D, lies entirely in one hemisphere. If P,
were an interior point of Dy we could increase the distance P, P, slightly
by moving P, away from P, along a great circle, thus contradicting the
hypothesis that P, P, is maximal. Thus P, and P, must both lie on y,
so that 8(Dy) = P, P, < 8(y). We note further that if y is a set con-
sisting of a finite number of mutually exclusive Jordan curves y, to y,
having interiors D, to D, and if 8(y) < }=, the same argument shows

that’ "
' 3 vl;JlD”) = 3().

The Riemann sphere can be made into a Riemann surface in the usual
way (seesection 1.5.1) and the term analytic arc is defined. Ifz is a local
parameter near a point P, on such an arc y, then the points of y near
P, have parameters z = «ft), a < ¢t < b, where, if P, corresponds to
t =1, we have a <ty < b if P, is an interior point, and f{y = a or b
otherwise. We also specify that «'(¢,) 7 0 so that «(f) is locally univalent.

By a sectionally analytic (s.a.) arc y we shall mean the union of
a finite number of analytic arcs P, B, B, B,,..., B, P, .,, where we assume
that; at all points of y through which more than one analytic are, or
branch of y, passes, i.e. at the P, (v = 2 to n), and at multiple points
of y; no two such branches touch. An arc without multiple points will
be called a Jordan arec. '

A domain on the sphere whose boundary consists of a finite number
of mutually disjoint s.a. Jordan curves is an s.a. domain. We shall
denote by &, hy, h,, etc., constants depending on certain fixed domains
or curves on the sphere, not necessarily the same each time. We shall
specify what » depends on, unless this is clear from the context.

5.1.1. We have

Lemma 5.1. If y isan s.a. Jordan arc or Jordan curve on the sphere,
there exists aconstant h, depending only on y, such that if E is any set of points
on vy, there exists an arc of y containing E and of length at most h&(E).
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Suppose first that y is a Jordan are, parametrized in terms of arc
length s. Thus points on y will be denoted by P(s) (@ < s < b). Let
8(8y, 8) be the distance from P(s,) to P(s,). Consider the ratio

8
Floo) =28 @ < <5 <0).
835
We show that this ratio is bounded below. For if not there are sequences

of points s,, s, such that
f(8p,8,) = 0. (5.1)

This certainly implies that §(s,,s,) = 0. By choosing a subsequence if
necessary we may assume that s, — s, and s;, — s, where a < sy < b.
If s, is not a ‘corner’ of y so that y locally approximates to its tangent,

deduce that ,
we deduce tha 5(s,, 5.)
nl

F(Sps8) = -1,

18

giving a contradiction. The same condition holds if P(s,) is one of the
points P, and P(s,), P(s;) either both lie on P,_; P, or on P, P,,,. Let
a be the angle between these two arcs, so that 0 < a < 27 (a # m).
We have s, < s, < s,. Then the distance of P(s,) from the arc P, F,
is asymptotic to 7(s,—s,), where 5 = |sina| for }7 < « < §= and
7 = 1 otherwise. Similarly the distance of P(s,) from P,_, P, is asymp-
totic to n(s;—s,). Thus for large n

8(811,’ sr’a) > (1‘%)77max{(80—‘3n), (87;—80)}
> %77 Igrll._&nla

again contradicting (5.1). This proves the lemma in the case when y has
different endpoints.

Suppose next that y is a closed curve and let P, P,, P;, P, be four
points in order along y. Then the arcs P, P,, P, P, are at a positive
distance h,, say, from each other. Let E be any set on y and suppose
8(E) < hy. Then E cannot contain points on both P, P, and B P,
Suppose, for example, that £ contains no points on P, P,. Then E lies
on the s.a. Jordan arc P, P, P, P, and by the previous result we can find
a subare of length less than A,8(E) containing E. We argue similarly
if E contains no point of P, B,. Thus in either case an arc of length at
most k,8(E) contains E, provided 8(E) < ;.

On the other hand if §(E) > &,, then E lies on y whose length is [,
say, and I = (I/h)hy < (I/h)8(E) = h,8(E), say. Thus the lemma is
proved in all cases. '
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5.1.2. We have next

LemmMA 5.2. Let F, be an s.a. domain on the sphere. Then there exists a
posttive constant h depending only on Fy such that if y, to yp are a finite
number of disjoint continua, then Fy—y,—yy,—...—y,, is the union of sets
Gy, Gy,..., Gy, such that Gy is connected and

Z 3(G,) < h Z 3(»)-
Let By, Ba,..., B, be the boundary curves of F, and suppose that the
mutual dista,nce of any two of them is at least . Let I be the area of
F, and let &, be a positive constant such that any set E on one of the

curves 3, lies on an arc of B, of length at most h,8(E). This constant
exists by Lemma 5.1.

Set f 5(y,)
and dy = min(} b
= e
so that (ho+1)dy < < 17
We shall suppose d< d . (5.2)
If this condition is not satisfied we take for Gy, G,,..., G,_, the empty
set and for G, the set Fy—y,—y,—...—y,. Then

$56) =56, <n <74,
v=1 0
so that Lemma: 5.2 is-trivial in this case.

Since 8(y,) < d < 7, none of the y, can meet more than one of the
boundary curves B,. We next choose ¢ less than half the mutual
distance between any of the y, and between any y, and those §, which
y, doesnot meet, and such that 2¢ < 8(y,) (v = 1 to p), and d+42¢ < }=.
We surround each point of all the y, by disks of radius e. Since the y,
are compact, a finite subset of these disks cover the y,. We can decrease
the radii of some of the circles bounding these disks slightly if necessary,
so that:no three of them pass through the same point, none pass through
any corner of the boundary curves f,, and none of the circles touch
each other or any of the 8,. The union of the new disks containing
points of y, forms a domain which we denote by D,. The boundary
of D;, consists of a finite number of arcs of circles. Either y, lies inside
a single one of these circles or at each endpoint of a boundary arc there
is exactly one other boundary arc. Thus the boundary of Dj consists
of one or more s.a. Jordan curves. The union of these Jordan curves
has diameter at most 8(y,)+2¢ < }m,
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and so has D,. Hence D, cannot lie entirely outside all these Jordan
curves. Thus D, lies entirely inside one of these Jordan curves; which we
denote by I,. The interior of I, is denoted by D, and contains y,. By
construction we have

8(L) = 8(D,) < 3(y,)+2¢ < 28(y,) < ¥m.
By construction the D, are s.a. Jordan domains whose closures are

disjoint. The area of the set of all points distant at most (h,+1)3(T;)
from a point of some D, is at most

m(hy+2)* 3 3(L)* < 4m(ho+2)* 3 8(L) < (ko +2)% 3 8(y,)
< 7 ho+2)%d, < I

by (5.2). Thus there exists a point P, in F, distant at least (ho-1)3(T})
from each D,. We denote by G, the component of Fy— i T,, which
v=1

contains F,.

The boundary of @, then consists of certain arcs of the §,, or complete
curves f, and certain ares of the I}, or complete curves I

No such pair of arcs of I, can separate each other from P, and so
they occur in order along B,. Let I' be such an arc of I}, having end-
points P, F, on B,. By Lemma 5.1 the smaller arc P, P, of 8, has
diameter at most h,8(P,, F;) < ho8(I"). Thus the Jordan curve consist-
ing of I" and this arc has diameter at most

(ho+1)3(I") < m,
and so the interior of this Jordan curve exists and has diameter at
most (hy+1)3(T"), and so lies within a distance (h,+1)3(I") of the point
P, of . If G, is the union of all the domains associated with arcs I"
of T}, in this way, then any point of @, lies within a distance
(ho+1)8(T") < (Ro+1)8(T5)
of some point of T, and so P, is outside @,. Also the diameter of @, is

at most ,
< (4ho+6)3(y,)-
By construction each I, meets at most one 8,. If I}, meets no g, and

so lies entirely in F;, we take for G, the interior of I}, Then G, consists
of all points of F, not in any of the G, and is connected and

$5(6,) < (4ho+6) 3 50,

This proves Lemma 5.2.
853503 K
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5.2. Covering surfaces .

Suppose that D, is an s.a. domain on the Riemann z-sphere and that
w = f(2) is meromorphic in D,. Let y denote the frontier of D, and T
the image of y by w = f(z). Then I' divides the w-sphere into a finite
number of domains, A, to A, say. For wy, w, not on I" the number n(w)
of roots of the equation f(z) = w in D, satisfies

f'(2)dz 1 [ f'(z)dz

)=o) =5 [ 00— | fores
b Y

(5.3)

by Cauchy’s Theorem of Residues.

Clearly the left-hand side of (5.3) is ah integer and the right-hand
side is continuous in w,, w,, provided that w, and w, each stay in a
component of the complement of I'. Thus in this case both sides are con-
stant, and so n(w) is constant in each such component. This constant
value is called the multiplicity of the component. ,

Since ' is sectionally analytic, we can split it into a finite number
of simple Jordan arcs I, two of which are either identical or have at
most one endpoint in common. With each arc T, is associated. a definite,
signed multiplicity p,, being the number:of times the arc is described
as z describes y once. We now write (5. 3)

w:
(wl)_n w2 z o0 pvva‘rrvarg(—"?:)‘

As w, crosses from one component A, of the complement of I to another
A, across an arc I, of I, we see tha,t

w—w,\
var g, argl-—
2

remains continuous for u # v, and changes by F2x for p = v. Thus
the change n(w,)—n(w,) is F2ap,. We deduce

Lemma 5.3. If in the above analysis A, and A, are adjacent components
of the complement of T', which are separated by an arc IV of T, and if ny, n,
are the multiplicities of A,, A,, then w describes T at least [ny—n,| times
as z describes the boundary of D,

In fact p,, being the signed multiplicity of I, is not-less than the
total number of times that I' is described, and the result follows.

We now suppose that, still with the above hypotheses, the values of
w = f(z) for z in D, all remain in a fixed s.a. domain F;, henceforth
called the base domain, on the w Riemann sphere. We say that the
mapping from D, into F, constitutes a covering surface over Fy. In
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this case I' will lie inside or on the boundary of F;. We shall call the
union of those arcs of I' which lie interior to F; the relative boundary
I of our mapping or covering surface. The relative boundary divides F,
into domains A, of given multiplicity and we denote by F, the closure
of the union of those domains which have multiplicity at least v. We
suppose that F, is null for v > n. For any subset A of F;, we denote by
L(A) the length of the relative boundary of A, i.e. that part of the
boundary of A which lies interior to F,. We write
L,= L) (v=1ton),
and denote by L the total length of the arcs of the relative boundary Ij,

when each arc is counted as often as it is described when z describes
the boundary of D,. With this notation we have

élLv < L ‘ (5.4)

In fact the relative boundary of F, consists of certain arcs of the
relative boundary T, If such an arc I" of length L’ lies between
components A,;, A, of the complement of I, having multiplicities »,, n,
respectively, where n; > n,, then IV belongs to the boundary of F,,
precisely for n, < v < n,, and so I'” contributes precisely (n,—n,)L’ to
the left-hand side of (5.4). On the other hand, by Lemma 5.3, I con-
tributes at least (n,—n,)L’ to the rlght ha,nd side of (5.4). Thus we
deduce (5.4) by addition. -

5.3. The first fundamental theorem

In the applications the quantity L will in general play the role of
a rather unimportant error term, similar to the S which occurs in the
second fundamental theorem of Nevanlinna. We show first as an
analogue to the first fundamental theorem that if L is small compared
with the area of the image of D, by f(z), then the mapping covers
different domains or arcs with roughly the same multiplicity.

THEOREM 5.1. There exist positive integers N (8; = 1< 85 << ... < 8p44)
and sets A, (s = 1to s, ,,—1), such that

y+1—1
Q) Fyc F, u?_gg A, (1<v<N),
Spr1—1
@) Fc S A, (N <»<n),

§=8y

Sni1—1
and (i) > 8(A,) <AL
: s=1

where h is a constant depending only on the base domain Fy.
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5.3.1. The relative boundary T, of F, consists of a finite number of s.a.
Jordan arcs of total length L, Suppose that these arcs are formed into
a set of continua y, to y,. Each continuum will have diameter not
greater than the sum of the lengths of the arcs comprising it. It follows
that F,, consists of some of the components into which y, to y,, split F.
By Lemma 5.2 there exists one such component G,, such that the
others can be included in sets G, to G, such that

$a6) <1300 <L, (5.5)

Let N be the largest integer » for which the area of F, is greater
than } that of F,. Suppose that v <{ N. Then if F, contains the com-
ponent G, the complement of F, with respect to F lies in the union
of the G, to G,, which we label A; (s, < s < s,,,), where s; = 1 and
8,41 = 8,~+p. Also, by (5.5),

8y+1—1 ‘
3(A,) <RL, (5.6)
8$=8y
Suppose alternatively that F, lies entirely in the union of the sets G,
to G,. Each set G, lies in a circle of radius 3(4) and so has: area at
most 78(G,)? < 7128(G',) Thus in this case, if I, is the area of F,, the

area of F, and so of U G, is at least 1, and
3, < w228 G) < hL,.
=1

Hence in this case the complement of F, with respect to F}, considered
a2 a single set A, has a diameter which satisfies

S(A) < 7 < E;j_» I,

Thus in any case we have (5.6), possibly with a different constant .
Suppose next that » > N so that the area of F,.is less than 31,

Then either F, is contained in U G, in which case we have again (5.6)
as required, on labelling -

BAg= Gy gy for s, <s<s,—1=s+p—1,
or F, contains the whole domain @,. In this case the area of G, is at

D .
most $I,, and so that of |J G, is at least 31, so that again
t=1 .

D
<73 86) <k,
t=1 :
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and L, > I,/(2k). In this case we set A, = F, and have
38, <m < 2L,

0

Thus in any case for v < N, the complement of F, lies in A ¢ satisfying
(5.6) and for v > N, F, itself lies in A, satisfying (5.6) and we have

Sn+1—

"S88) <h3 L, <hL
8=1 v=1

y (5.4). This proves Theorem 5.1.

5.3.2. We now introduce some new notation. If D is any subdomain
of F,, let I(D) be the area of D and define

I(D)=IDNE) (v=0tomn).
We define the covering number S(D) of D by

_ 31D
£, 1,D)
In particular the mean covering number S of the mapping is defined by

S—ZI

v=1

where I, is the area of F,. Similarly, if B is any sectionally analytic arc
~ of F, we define L,(8) as the length of F, n 8, and define. the covering

number S(g) of 8 by < L,(8)
B = ZIL—O@

We then have the following analogue of Nevanlinna’s first funda-
mental theorem.

THEOREM 5.2. If N is the integer defined in Theorem 5.1 and D is-a_ny
domain in Ky, we have .

-

hL
50N < 775
. . , hL
and in particular |8—N| < T (5.7)
0

where h depends only on F,. :
Further, if B is any s.a. curve, there exists a constant hg depending only
on B and the base domain F,, such that ¢

IS(B)—N| < hg L. (5.8)
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. 5.3.3. Proof of Theorem 5.2. The area 4, of each domain A, which
occurs in Theorem 5.1 is at most #28(A,). Hence

Snp1—1
A, < n*hL,

8=81
by that theorem. Thus the part of D which does not lie in F, for v = 1
to N has area at most Sy31—1

8
Sy

and hence L(D) > D)— Z A (v=1to N),

N
SLD) > NI(D)— sz A, > NI(D)—n*hL.

*hL
Th 8(D) > N-T"2.
us (D) = (D)
Similarly the part of D which lies in F, for v > N has area at most
Syy1—1

8
8y

n 8ny1—1
sothat 3 1(D) < NI(D)+ S " 4, < NI(D)+n*hL.
v= 8=8N§41
This proves the first inequality of Theorem 5.2 and hence (5.7).
Next if B is any s.a. curve, the part of B in A, has by Lemma 5.1
length at most hgd(A,). Hence the total length of all the arcs of 8, in

A, for all v is at most

z "5(0) < hhgL =y,

Thus the lengths A ( /3) of the arcs of B in F, for v = 1 ta » satisfy
NA—hgL < ZAV(B) NA+-hg L,

where A is the length of 8, and the proof of Theorem 5.2 is complete.

5.4. The topology of surfaces

In Theorem 5.2 we have obtained a result which tells us that if
a Riemann surface R, which is the image over F, of a domain A, has
a short relative boundary, then this image covers every subdomain of
F, and every s.a. arc in F; or on the boundary of F, with nearly- equal
multiplicity. In the case of s.a. arcs in the interior of F, we note that
the result of Theorem 5.2 is unaffected if we confine ourselves to the
covering of y by the interior instead of the closure of our surface, since
by (5.4) the total length of the cover of y by the boundary of R is at
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most equal to the relative boundary of R and so contributes at most
L to the left-hand side of (5.8). For arcs lying on the boundary of F,
we must, of course, consider the covering effected by the closure of R.

In order to carry our theory farther we wish to investigate not only
the muiltiplicity of coverings effected by our surface R but also the way
in which R covers particular domains. We shall be able to show that
if F} is the whole sphere, then the bulk of the covering of a domain D in
F, arises generally from a number of single islands over D, i.e. (1-1) topo-
logical maps of subdomains A, onto D. This result represents the
crowning achievement of Ahlfors’s theory. In order to prove it we
shall require a more detailed analysis of the topology of our Riemann
~ surface R or, what is the same thing, of the domain A, of which R is
the 1-1 topological image. For this we shall require apart from
Theorem 5.2 the notion of the Euler~Poincaré characteristic of a domain

on the sphere.
C

5.4.1. Wedefine a (finite) triangulated surface as a set R of points with
the following properties. R is the union of a finite number of its subsets
Ay, A,,..., A, called ‘triangles’. These will satisfy the following copditions.

(i) With each ‘triangle’ is assoctated a (1,1) map onto an equilatemli
triangle in a Euclidean plane. In this way sides and vertices are defined.
* (ii) Two distinct ‘triangles’ have either nothing or a vertex or a side in
common. In the latter case the correspondence between the sides of the two
associated Euclidean triangles is assumed to be (1,1) and continuous. No
side belongs to more than two triangles.

(ilia) If each side of a ‘triangle’ belongs to exactly one other ‘triangle’,
the surface is called closed. )

(iiid) If some sides of a ‘triangle’ belong to no other triangle then such
sides are called ‘frontier’ sides. We assume that each vertex belongs to no
more than two frontier sides. Thus the frontier sides split up into a finite
number p of closed curves vy,,..., y,, no two of which will have common
points. In this case R is called non-closed and the set of curves y, is
called the frontier of R. ’

(iv) The surface is connected, i.e. each vertex can be joined ‘to every
other vertex by a chain of sides sy, s,,..., 8, such that s,, s, ., have a common
vertex forv = 1 to t—1.

In this connexion we shall assume as known the following two facts
from algebraic topology.+t

t+ For ];;roofs of these results and related material see, e.g., Ahlfors and Sario
[1 chapter 1]. ¢ .
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(v) If Ay is an s.a. domain on the sphere or if A, is the whole sphere,
then A, can be triangulated, i.e. transformed into a trmngulated surface
satisfying the above requirements.

(vi) If the whole sphere is triangulated and p, q, r denote the total
number of vertices, sides, and ‘triangles’ respectively, then

p=—pF+q—r=—2.

The latter result goes back essentially to Euler and, for any surface, p
is called the Buler—Poincaré characteristic.

Suppose now that A, is an s.a. domain on the sphere bounded by
the s.a. Jordan curves y, to .. Then v, bounds a Jordan domain A, not
containing A,. We choose a point P, in A, and join P, in A, to each of
the vertices of the triangulation of A, which lie on y,, by Jordan arcs
having no common points other than P, If there are v such vertices
on y, we obtain a triangulation of A, having v triangles, 2v sides, and
v+1 vertices, including those on y,. If we do this for each Jordan curve
y, and the corresponding domains A, we obtain a triangulation of the
sphere having total characteristic

p=—p+q—r=—2
by (vi). The contribution to p of the sides, vertices, and triangles in
each A, and y, for ¢ = 1 to I is just —v+42v—(v+1) = —1. Thus the
contribution of the sides, vertices, and triangles interior to A; must be
1—2. We deduce

LeMMA 5.4. If A, is an s.a. domarn on the sphere bounded by I Jordan
curves y, toy, then Ay can be triangulated. Further, if in any such triangula-
tion p, q, r denote the number of vertices, sides, and triangles which do not
lie entirely on the boundary of A,, we have

. p(Ag) = —pg—r = 1—2.
We accordingly define the characteristic of Ag to be 1—2.

Suppose next that A, is an s.a. domain on the sphere which is divided
into N s.a. subdomains A; to Ay by n s.a. cross-cuts (i.e. Jordan arcs
lying except for their endpoints in A) C, to C, and s s.a. Jordan curves
C, .1 to C,,, lying in' Ay, no two of which have common points. ‘Since
A, to Ay are s.a. domains they can be triangulated. Let'A,, A, have
a curve C) in common. The vertices on C) due to the triangulations of
A,, A, willin general be different. However, if.a vertex V of'the
tnangulafmon of A, lies on a side of a triangle T of the triangulation
of A,; we can join V in T to the opposite vertex of V, thus splitting T'
into two triangles each of which has V as a vertex. By doing this
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consistently for all the vertices on C) of the triangulations of each of
A,, A, which are not vertices of the other, and doing the same for each
C) we obtain finally a triangulation of A, made up of the triangulations
of A; to Ay. :
Usihg this we can prove
LemmMaA 5.5. If an s.a. domain A, is divided into s.a. domains A, to
Ay by n > 1 s.a. cross-cuts and s closed s.a. Jordan curves in A, then

zp A)+n >n—N.

In fact we construct a triangulation of A; to Ay which gives rise to
a triangulation of A,. Then on each closed Jordan curve there is an
equal number of vertices and sides, so that these curves contribute
nothing to the characteristic of A, However, each cross-cut C is
bounded by two vertices which are on the boundary of A, and so do
not count towards the characteristic of A, and sides alternate with
vertices along C. Thus C contains one more side than vertex in the
interior of A, and so contributes +1 to the characteristic of A,. Fmally
the remaining sides, vertices, and triangles of A, are the interior sides,
vertices, and triangles of some A,. Since there are m cross-cuts we

deduce <
=vglp(

as required. Again by Lemma 5.4 p(A,) > —1, since no A, can include
the whole sphere, and so we deduce Lemma 5.5.

5.5. A:lower bound for the characteristic of a covering surface
We can now state and prove our next basic result.

THEOREM 5.3. Suppose that w = f(z) is meromorphic on the closure of
an s.a. domain A of characteristic p, on the z-sphere, that on the boundary
of Aq, f'(2) # 0 and f(z) has only simple poles and that, for z € A,, f(z)
has values lying in an s.a. domain F on the w-sphere having characteristic
p = 1. Let L be the length of the relative boundary on the w-sphere of the
map of Ay into Fy and S the mean covering number of the mapping. Then

‘ > pS—*rL, ' (5.9)
where p§ = max(p,, 0), and h is a constant depending only on the particular
domain Fy.

What Theorem 5.3 asserts is that if S is large and large compared
with L, then p, must be large, so that A, must have large connectivity
and so be limited by a large number of boundary curves.
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In order to prove Theorem 5.3, set ¢ = p+2, so that F; is bounded
by ¢ = 8 s.a. Jordan curves y, to y,. We join y, to y,,, forv =1 to
g—1 and y, to y, by ¢ s.a. cross-cuts B, (v = 1 to ¢), no two of which
have common points. The B, will be fixed once and for all so as to
depend only on the base domain. However, it is convenient to assume
that none of the images of the points where f’(z) = 0 lie on the B,.
Otherwise we may effect a slight change of the 8,, which will affect all
the constants involved by an arbitrarily small amount. We shall denote
by h any constant depending only on F, and the f,, not necessarily
the same each time.

With these assumptions each B, will correspond to a finite number
of s.a. cross-cuts in A, two of which have at most one endpoint in
common on the boundary of A,. Cross-cuts corresponding to different
B, have no common points. We shall assume that there are n such
cross-cuts ¢ and that they divide A, into N domains A. We note that
the cross-cuts B, to B, divide F; into two Jordan domains F; and F
of characteristic —1. The function f(z) will map each domain A into
either Fj or Fy. In fact the image of any Jordan arc in a domain A
by w = f(2) cannot cross the boundary of Fy or Fj, since A contains
no interior points of any o. Our conditions also imply that each A is
an s.a. domain.

We shall use the inequality of Lemma 5.5 and proceed to estimate
n—N. The basic idea is the following. If A, is one of the domains A,
S, the mean covering number, and L, the length of the relative boundary
of the mapping given by w = f(z) from A, into either F or Fj, then
by Theorem 5.2, if S, is sufficiently large compared with L,, the map-
ping must partly cover every one of the B,, and so the domain A, must
have at least g cross-cuts ¢ on its boundary. Thus the N domains
should give rise to nearly 3¢V cross-cuts, since each cross-cut bounds
two domains. Thus n—XN is not much less than 3V (g—2).

If the domains A each give rise to simple coverings, then since each
domain covers only about half of Fj, they will contribute about 3N to
the covering number of the map from A, into F;, so that S is about }N.
Thus we obtain about S(g—2), i.e. Sp, as a lower bound for p,, as
required.

Unfortunately, the above is only a rough sketch-snd a much more
refined analysis is needed for the full proof which will now be given.

5.5.1. Since each cross-cut ¢ bounds two domains A, a situation. is
theoretically possible in which we have less cross-cuts than domains A
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so that n—N could actually be negative. We first eliminate this
possibility in general.

Suppose that there exists at least one domain A whose boundary
contains exactly one cross-cut . We take such a domain and label
it A,, and the corresponding cross-cut on its boundary will be defined
to be o;. Suppose that A, to A, and corresponding cross-cuts o, to o,
have already been defined. If there exists a domain A whose boundary
contains, except possibly for some of the cross-cuts o, to o,, exactly
one other cross-cut ¢ we define such a domain as A,,; and the corre-
sponding cross-cut as o,,;. Since the total number of domains A is
finite, this process must cease after a certain stage (or it may not even
start). There are now two possibilities. Either there is a domain A’,
whose boundary contains no cross-cuts o, apart possibly from o, to o,
or all the remaining domains A, other than A, to A,, each contain at
least two cross-cuts o, other than o, to o,, on their boundary.

In the first case we note that A, to A, and A’ together exhaust the
whole domain A,. In fact, suppose that o, is a cross-cut on the boundary
of A’, where u < v. Then o, lies on the boundary of A,, which has no
common points with A’, so that on crossing o, from A’ we enter A,.
The cross-cuts o on the boundary of A, consist apart from g, of cross-
cuts o,,, with " < p. On crossing o, we enter the domain A,,, whose
boundary contains apart from o, only cross-cuts o,,» with n” < ', ete.
Now since A, is connected we can join any point of A’ to any point of
A, by an s.a. path in A,. The above argument shows that such a path
cannot meet any cross-cuts o apart from the o, with p < v and cannot
enter any domain A apart from the A, with 1 <p <v. Thus any
point of A, must lie inside or on the boundary of one of the domains
A, (p = 1tov)and A’. The domains A, (1 = 1 to v) are called domains
of the first type.

If there are any domains A whose boundary contains at least ¢ cross-
cuts ¢ apart from o, to o,, such domains will be called domains of the
third type. The remaining domains A will be called domains of the
second type. The domains of the second type may reduce to a single
domain A’, whose boundary contains no cross-cut ¢ apart possibly from
some of o, to 0,. In this case there are no domains of the third type. In
all other cases the domains of the second type, if any, all have at least
two and at most ¢g—1 cross-cuts on their boundaries, apart from o, to o,.

5.5.2. Discussion of. the domains of the first type. We shall see that
the domains of the first and second types play in general a relatively
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unimportant role in the inequality of Theorem 5.3. We consider the map
by w = f(z) of a domain A = Al into either F; or F; and define the
mean covering number of this map by S! = S. Let L be the length
of the relative boundary of the map and S8!(8,) the covering number
of this map over the boundary arc B, forn = 1 to g. Then Theorem 5.2

yields 184 B,)— 8| <hL' (n=1tog) (5.10)

We apply (5.10) in pa,rtlcular to each domain A, of the first type.
If S, is the corresponding mean covering number, L, the length of the
relative boundary and S,(B,) the covering number over the arc 8, we

have
Sp(ﬂn) > S[L_hL[U
qﬂ
and hence n>=‘1S"(B") > qS,—qhL,,
and hence adding for all the domains of the first type we deduce
i E W(Br) = ¢S —gh L, (5.11)
where so=38, Io=31I,
p=1 p=1

The left-hand side of (5.11) can be regarded as made up of terms
arising from the individual boundary ares o, (x = 1 to ») which lie on
the boundary of the domains A,. The arc o, lies on the boundary of
A, and its image lies over a boundary arc g, say. If A(o,) is the mean
covering number of the map of o, over this arc we have from (5.10)

Noy) < 8,+hL,,
and hence by addition

S Ao,) < SOARLO, (5.12)
p=1

Now each arc g, occurs on the boundary of A, and at most one other
domain A, and hence contributes at most 2A(s,,) to the left-hand side
of (56:11). Thus (5.11) and (5.12) give

g8 —qh LM < 2 2 8, Bn) < 2 z ANo,) < 2S<1>+hL(1>

Thus we deduce that ( —2)80 hL(”, (5.13)

and hence we also have from (5.12)

SW(B) = 3 Ao,) < LW, (5.14)

p=1
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5.5.3. Discussion of the domains of the second type. Let us denote the
domains of the second type, if any, by A, ., A, 4,,..., A,. Each of these
domains contains at most ¢—1 cross-cuts o on its boundary apart from
the cross-cuts o,. Hence if v < p < 7, there exists at least one n such
that none of the cross-cuts on the boundary of A, corresponds to 8,
except perhaps for certain cross-cuts o, with ' < v. Hence for this n

we have | B.) = Z,\0,),

where the sum 2‘.# is taken over some of the cross-cuts Oy with o’ <v
which lie on the boundary of A,. Using (5.10) we deduce, if S, is again
the mean covering number of the map of A, and L, the length of the
relative boundary of the map, that

8, < Z,ANoy)+hL,.
Adding for p = v+1 to 7, we deduce

So= S 8§ < 5 T.Ao,)+hLO,
;L=Ev+1 ¢ ",,,=§v:+1 wAow)+

where L® is the total length of the relative boundaries of all the maps
of the A, (u = v41 to 7). Also since each o,. with u” < v can be on
the boundary of at most one domain A, for p > v, we deduce that

S 8 2 o) +hL®,

‘pEv+l

or 8o h(L‘1)+ L®) (5.15)
by (5.14). Also we have by- Theorem 5.2
Su(Bn) <8, +rL, (p. =v4ltor,n=1tog),

and hence

3 38()<q 3 (SAL,) < gSOHRL®.

p=v+1l n=1 p=v+l
Here the left-hand side arises as the sum of the contributions of the
various cross-cuts ¢ on the boundary of domains of the second type.
Each such o contributes a term A(c), and some cross-cuts o may lie on
the boundary of two domains and so contribute two terms. Thus, using

(5.15), we deduce Zzh(ﬂ') < h(L(I)+L(2)), (5.16)
where the sum X, is taken over all cross-cuts o, other than the Ops which
lie on the boundary of at least one domain of the second type.

5.5.4. 'Completion of the proof of Theorem 5.3. We now consider the map
of the domain A into the domain ¥, as a whole. Let S’ and §” be the
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covering number of this image over F; and over Fg, and S that of the
ma,ppmg as a whole. Then Theorem 5.2 gives

18'—81 < 18"—8| <
Thus S’ +S” > 28—hlL.
If A,;l, Arigs-., Ay are the domains of the third type, if any, and S,

is the mean covermg of A, over F; or Fj and L, the length of the
relative boundary of the correspondmg map of A, then

zs = 8'+8" > 28~hL.
p=1

Also. L® < L and L® < L. Thus using (5.13) and (5.15) we deduce
N
> S, >28S—hL.

(N
p=7+1
Next, if §,(B,) denotes the covering number of the map of A, over 8,,
we have 8,(Bs) >8,—hL,,
and hence i 2 u(Bn) = 298S—hL. (5.17)
: n=1 pu=

Here the left-hand side arises from the contributions of all boundary
arcs o of the domains of the third type. Each ¢ which is on the boundary
of two domains of the third type gives rise to two terms A(c) in the sum
(5.17). The remaining boundary arcs o are also boundaries of a domain
of the first or second type. Using (5.14) and (5.16) we see that their
contribution is at most 2L. Thus we deduce from (5.17) that

28, o) > 2gS—*hL, (5.18)
wherg the sum X, is taken over all the arcs o which are on the boundary
of two domains of the third type. We shall call such arcs oy, and
suppose that their total number is 7.

We have two cases. Suppose first that there are no domains ef the
third type. In this case the left-hand side of (5.17) is zero and we have
8 < kL. Hence in this case we can choose h so large in Theorem 5.3
that the right-hand side becomes negative. Thus in this case Theorem
5.3 i$ trivially satisfied, since pg > 0.

Next, if there is at least one domain of the third type then each
domain of the second type has on its boundary at least two arcs ¢ other
thaﬁﬁ g, to o,. 4

We divide these arcs into two classes oy, and o,3 and suppose that
there are ny, arcs o,, which separate two domains of the second type
and 7, arcs g,, which separate one domain of the second type and one
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domain of the third type. Each domain of the second type has at least
two arcs of one of these two types on its boundary and arcs gy, occur
twice while arcs o,; occur only once. Since there are r—v domains of
the second type we deduce that
gy tTgg = 2(r—v). (5.19)
Consider finally the domains of the third type. These are bounded
either by arcs of type o, or g;;. Each domain of the third type con-
tains at least ¢ such arcs, and an arc o,; appears once while an arco,,
appears twice on the boundary of such domains. Thus

Ngg+ 2055 = q(N—7). (5.20)

The total number n of arcs o is n = v+ngy+ny3+n4,, while the total
number of domains A is N. We have

n—N = v4(ngp+ngg+1ng) —N
= v+Ngyt g+ Inos+ngy— N
= nggt+ngy—(N—7)
by (5.19). Using (5.20) we deduce finally that

n—N > (— — E) (mgg+2745)

—2
>q

Tgg.

We now use (5.18). It is clear that each term on the left-hand side
of (5.18) is at most 1. The number of such terms is precisely n,,. Thus
we deduce that with the notation of Theorem 5.3

po>n—N > 2ny > T2 (g8 —hL) > (g—2)8—L,

as required. This completes the proof of Theorem 5.3.

5.6. Application to functions meromorphic in a disk

We now consider a function w = f(z) meromorphic in |z| < R, where
0 < R < oo. This function maps each disk |z] <7 (0 < r < R) into
the Riemann w-sphere. We denote by L(r) the length of the relative
boundary and by S(r) the mean covering number of the mapping.
This quantity was denoted by A(r) in section 1.5. If |dz| is an element
of length in the z-plane, then the corresponding elements of length in
the w-plane and on the w-sphere are given by

ldw| _ |f'(2)| ldz|

ldw| = |f'(z Ildzl and d8—1+|w|2 1+ [f@)2°
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respectively. Thus the length of the relative boundary and the mean
covering number S(r) of the mapping of the disk |z2| < r into the
Riemann sphere are given for 0 < » < R by

ds If (re?®)|r df B
L .21
(r lz|=r ’ ll 1+|f 610)|2 (O )
1 ds|? (pei?)|2 do
and S(r) = - f e |dz|? = fp pf{l-l—lf pe’9)|2‘2 (5.22)

lzi<r
Let us suppose that we lave
S(r) S RL(r) (ry<r < R), (5.23)

where 4 is a certain constant. We have by Cauchy s inequality

10
[ -

On combining this with (5.23) we deduce that
S2(ry < 2022 S'(r) (ro <r < R),
and hence that for r, < r < R,
r r
1 1 _ (S04 l—fdt

S(ro) S(r) ) S@2 " T 2w )t
1 1 r 2h%m?
I 8y < T
Srg) = 3 %85, o) < fog v
If R = 400, we may make r - co and deduce that S(r,) = 0, which
is only possible if f(z) is constant. If B < oo, then we may let » -~ R
in the above and note that r, may be replaced by any number p, such
that ry < p < R, without invalidating (5. 23) Thus we deduce that in
this case
2h%m? 2h%*7*R
S() < pomi S B
og(Elp) =~ RB—p
Further we obtain for the Ahlfors-Shimizu characteristic (see section
1.5 with A(p) instead of S(p)) the inequality

- er = T(r, rtg(_P)d
) of” o 0(ro>+l .

< To(re)+2h2m2log

’

so that

(r<p<R) (5.24)

B <r<R
B (ST<H
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We deduce

THEOREM 5.4. If f(z) is meromorphic and not constant in |z| < B < o
then there exists an increasing sequence r, — R, such that

L(r,)

8(r,)

provided that if R < 40, we have either

lim (R—7)8(r,f) = +oo,

r—R

>0 (n->o) (5.25)

To(r.f)

o o R R}

For if (5.25) is false (5.23) must hold for suitable constants r, and &,
and as we have just seen, this leads to a contradiction if the hypotheses
of Theorem 5.4 are satisfied.

If a sequence r, satisfying (5.25) exists, we say that the Riemann
surface of f(z) is regularly exhaustible (regulir ausschépfbar). In such

cagses the Ahlfors theory can be effectively applied, since then L(r,)

plays the role of a relatively unimportant remainder compared with
S(ra)- |

5.6.1. While noting that our results will mainly be applied to the
fairly wide class of functions satisfying the hypotheses and hence con-
clusions of Theorem 5.4, we assume for the time being only that f(z). is
meromorphic and not constant in |z| < R. .

We consider ¢ > 3 simply connected s.a. domains D, on the w-
Riemann sphere, whose closures are non-intersecting. We also assume
that the boundaries of the D, and the arcs 8, joining them as in the
previous section do not pass through any of the countable number of
points wy = f(2,), such thatz,is a zero of f'(z) or a pole of f(2) in |z| << R
This can always be achieved by expanding the D, and shifting the B,
slightly. We take a value of (0 < r < R) such that the image of the
circle |z| = r does not touch the boundaries of the D, or the ares 8, or
go through any of the corners of these s.a. curves. This can always be
achieved by increasing r slightly. '

Consider the mutually exclusive sets G, in |z[ < r which correspond
to the'D, by w = f(2). The G, will have a finite number of components
which will be of two types. A component G of G, will be called a tongue
over D, if its closure meets |z| = r. Otherwise G will be called an
island.

853503 L
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We remove in turn from |z| < r all the tongues G over all the
domains D,. There remain certain simply connected domains ¢'. We
niext remove from the @ all the islands G¢ over the domains D, and
are left with certain domains G. The G are mapped by w = f(z) into
the domain F, on the w-sphere complementary to all the D,. If L is
the length of the relative boundary, and S the mean dovering number,
of the map of @ into F,and p is the characteristic of @, we have, by

Theorem 5.3, max(p, 0) > (¢—2)S—hL.

In particular we see that if G does not meet |z| = r, so that L = 0,
then p > 0, so that @ is at least triply connected. If & is simply or
doubly connected we deduce that

(g—2)S < L.

Thus if S, denotes the total of the mean covering rglmbers of all the
domains @ which are simply or doubly connected we deduce that

hL(r)

S <=y
where L(r) is the length of the relative boundary'of t_he map of |z| < r
into the Riemann w-sphere.

Consider now a domain G’. It is divided into islands @ and domains
@ by Jordan curves in the interior of G’. Only one such domain @
meets the boundary of G, which is connected since G is simply con-
nected. If this domain @ is simply connected, @ must coincide with
@, and @ contains no islands. We ignore such domains G = @&’. In
all other cases all the residual domains @ lying in G’ are multiply
connected. These domains give rise to a covering of the domain £,
with mean covering number S(@) and relative boundary L(G) say.
Since @ is not simply connected we have, by Theorem 5.3,

p(@) = (@—2)8(G)—RL@).
Adding over all the domains G which are not simply’ connected,
3 A(@ = (g—2)S(F)—RL(r), (5.27)

where 8;(F) is the total covering number of F, due to all these domains
G. Now the mean covering number S(F,) of F, due to the map of
|2} < r into the Riemann sphere arises from the multiply connected
domains @ and the simply connected domains G. The contribution of
the latter is at mdst AL(r) by (5.26). Thus

Fp) < 84(Fo)+hL(r).

(5.26)



5.6 AHLFORS’'S THEORY OF COVERING SURFACES 147

Again, by Theorem 5.2, we have

8(0) < S+ 7o L),

i)
and so (5.27) gives finally

> p(G) = (g—2)8(r)—hy L(r), (5.28)

where %, depends only on the geometry of the islands D,, and the sum
on the left-hand side is taken over all‘the regions @ which are multiply
connected.

The regions @’ which contain islands are divided into these islands
and multiply connected domains @ by closed Jordan curves. Thus, by

Lemma 5.5, ,
—1=p(@) =3 p(@)+ 2 (@

where the sums are taken over all the islands @} and domains Gin G'.
Adding over all the domains @ which contain at least one island and
all the multiply connected domains @ and using (5.28) we obtain

— 336 =3 (Sp@+1) =3 I pB+N
= (q—2)5’( )—hy L(r)+N, (5.29)

where N is the number of distinct dOma.ms @’ which contain at least
one island.

Now each island G¢ yields a map onto the domain D, with zero
relative boundary, and so each point in D, is covered equally often by
the map. Let n(G%) be this multiplicity, and write

(@) +p(65) = m(G3).

Writing n, = (n—1)4(p+1), we see that n, is equal to the excess of
the multiplicity of the map of the island over 1 plus the excess of the
connectivity of the island over 1. If n = 1, the map is (1,1) and the
island necessarily simply connected so that n, = 0. Otherwise n, > 0.
We shall call 7, the excess of the island. .

Let n(D,) = ¥ n(G%), ny(D,) = 3 ny(GE) for a fixed v. Then

q q
3 346 = $up)~ 3 mp)
Thus (5.29) yields, since N > 0

éln(Dv)—' 21”1(D“) > (¢—2)S—*hL.
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5.7. The principal results of the theory
The last inequality may be stated as follows:

THEOREM 5.5. If w = f(2) yields a map of a dzsk 2| < r tnto the
Riemann sphere of mean comemng number S(r) and relative boundary
length L(r), then given q > 3 s.a. simply connected Jordan domains on
the w-sphere, D,..., D,, whose closures have no common points, there exists
a constant b depending only on the domains D, such that

E{S r)—n(D,)+ny(D,)} < 28(r)-+RL(r). (5.30)

Here n(D,) denotes the total multiplicity of all of the islands over D,, and
n,(D,) the total excess of all these islands.

We deduce immediately Ahlfors’s second theorem.

THEOREM 5.6. Suppose that f(z) is meromorphic in |z| < R and has
a Riemann surface which is regularly exhaustible. Suppose also that the
D, for v = 1to q are g = 3 simply connected domains whose closures have
no common points, and that there are mo islands over D, with multiplicity
less than p,. Then we have

1
2 (=) <=
CoroLLARY 1. Unless R = oo and f(z) is rational it is enough to sup-
pose there are o{S(r)} islands of multiplicity less than p, in |z] < r.

COROLLARY 2. 4 non-constant meromorphic function in |2| < R, which
satisfies the hypotheses of Theorem 5.6 possesses an tsland over at least one
of 3 mutually exclusive domains on the Riemann sphere and a simply
connected island over at least one of 5 such domains. Unless R = oo and
[(2) ts rational there will be infinitely many such islands. If f(z) vs reqular
and the domains are bounded, the numbers 3, 5 may be replaced by 2, 3
respectively.

5.7.1. Proof of Theorem 5.6 and its corollaries. Suppose that r - R
through a sequence of values such that

Lir)

m - 0,
and that the other side conditions are satisfied. Suppose further that
there are at most o{S(r)} islands in |2| < r having multiplicity less than
. These contribute only o{S(r)} to the total number n(D,). Hence if
in (5.30) we calculate the indices n(D,) and n,(D,) with respect to all the
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remaining islands, we still obtain
21{5(’)_”(1)0’!'"1(1%)} < {2+40(1)}8(r) (5.31)

as r - R through our sequence of values. Now if an island has multi-
plicity p > p,, then the excess of that island is at least u—1, i.e. at
least 1 p—1 .
iy o S
p My

Thus in this case -1
nl(Dv) > ’Lv—n(Dv)’ N
Ky
1 1
nD,)—n(D,) < p—n(Dv) < ;{1-1—0(1)}5'(7)
by Theorem 5.2.
Thus in this case (5.31) gives

aq
> (1—)st) < f2rotnyser

v=1 v
so that Theorem 5.6 and Corollary 1 follow. The conclusion holds
in all cases if there are no islands of multiplicity less than p, over
the domains D,. If B < 400, the hypotheses of Theorem 5.6 imply
that S(ry— o0 as r—> R. If R = +o0, this conclusion holds unless
Ty(r) = Oflogr}, i.e. unless f(z) is rational. Thus Corollary 1 gives a
significantly stronger result than the main theorem and shows in particu-
lar that it is enough to assume that there are only a finite number of
the islands of multiplicity less than p,.

To prove Corollary 2 take ¢ = 5, u, = 2 in the main theorem. Then
we obtain a contradiction. Thus for a sequence of » > R and at least
one v, f(2) has at least c¢S(r) simply connected islands over D, in |z| < r,
where ¢ is a positive constant. If ¢ = 3, we may take p, =4 (v =1
to 3) and obtain the conclusion that f(z) has islands of multiplicity at
most 3 over at least one of the domains D,. If f(z)'is regular and the
D, are bounded, we may adjoin a domain over the point at co. Over
this f(z) will have no islands and so we can take p, = 4o in
Theorem 5.6 and obtain et

z (1—_1-) <1

v=1 ’(Lv
for the remaining islands. Thus we obtain a contradiction if ¢g—1 = 2,
and py = 2, pp =3, or if ¢g—1 =3, uy = py = p3 = 2, in the main
theorem. This proves Corollary 2.
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5.8. Conclusion

Theorems 5.2 and 5.5 may be regarded as analogues of the first and
second fundamental theorems in Nevanlinna’s theory. The role of points
in the latter theory is played by domnains in Ahlfors’s theory. The terms
in Ahlfors’s theory S(r), n(D)}, n(«D)—nl(D), etc., correspond to the
logarithmic derivatives of Ty(r,f), N(r,a), and N(r,a) in Nevanlinna's
theory. By Theorem 5.2 we note that if L(r) = o{S(r)}, for a sequence
of 7, then for any domiain D the mean covermg number S(r, D) of D

satisfies S ’;’ D) ~ 8(r)

for such r. The contribution to S(r, D) arises from islands and from
tongues over D, corresponding to the terms m, N in the first funda-
mental theorem. Now Theorem 5.5, which is the analogue of Nevan-
linna’s second fundamental theoréﬁl, tells us that it is the contribution
of the islands (corresponding to lV N) and even the simple simply con-
nected islands (corresponding to N ) which in general yields the more
significant contribution to S(r, D).’

Ahlfors’s theory, which is essentially metric rather than analytic in
character, can be applied to much more general maps than merely
meromorphic ones, such as, for instance, quasi-conformal mappings.
Ahlfors also applied his theory to'mappings of Riemann surfaces other
than spheres into each other. For these and other generalizations as
well as a purely analytic approach’f"which yields a rather weaker version
of Theorem 5.6 we refer the reader to Ahlfors [3].

Theorem 5.6 contains many ‘of the qualitative conclusions from
Nevanlinna’s second fuhdamental theorem 2.4. For instance, if all the
roots of the equation f(z) = a, haye multiplicity p, for v = 1 to ¢, then
we can surround the a, by small mutually exclusive domains D,. It will
follow that all the islands over the D, have multlphclty at least u, and
we get a contradiction )mless :

(o) <2

As we saw in section 2.5.1 this:inequality, which contains Picard’s
theorem, is best possible. However, Theorem 5.6 also contains a far-
reaching generalization of Bloch’s theorem, which does not seem to be
obtainable by the methods of Chapter 2. As against this Ahlfors’s
theory is by its nature less sensitive to analytic relations between
different functions f(z) and so results such as Theorem 2.7 and the
main results of Chapter 3 would not seem to be accessible by the
methods of this chapter. : '
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FUNCTIONS MEROMORPHIC IN THE UNIT
DISK

6.0. Introduction
WE have seen that if f(z) is meromorphic in |z2| < 1 and satisfies certain
geometric conditions, if for instance f(z) 7 a, b, ¢, or if f(z) maps no
subdomain of |z] <1 (1,1) conformally onto any of five simply con-
nected domains A, (v = 1 to 5) whose closures are disjoint on the w-
sphere, then we have, by Theorems 5.5 and 5.2,

8(r) <h L(r) (0<r<1l), (6.1)
and hence by (5.24)

S(r) < hyflog(l)r) (0 <r <1, (6.2)
where h,, h, are constants depending only on the geometrical nature
of the conditions satisfied by f(2). Also #S(r), L(r) are respectively the
area of the image of |z| < r and the length of the image of |z| = r
under the mapping by f(z) into the Riemann sphere.

In section 5.6 we saw that the condition (6.2) restricts the growth
of f(z) in the unit circle. However, the methods used there gave only
asymptotic inequalities for the characteristic 7'(r,f). In this chapter
we develop first a method due to Dufresnoy which leads from (6.1) to
a refinement of (6.2) and hence to a numerical bound for Ti(r,f) in
0 < r < 1. This in turn will lead to a series of inequalities which con-
tain as special cases classical theorems of Schottky, Landau and Bloch.
We shall also see that functions of the type we consider form special
kinds of normal families in the sense of Montel which we shall call
uniformly normal families, and that the numerical bounds we obtain
extend to uniformly normal families in general. We conclude the
chapter with an analysis of functions having bounded characteristic in
the unit disk.

We continue to use the notation and terminology of Chapter 5.

6.1. The theory of Dufresnoy ' !

We suppose in this section that f(z) is meromorphic in |z| < 1 and

satisfies (6.1) there. 4
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We recall from section 1.5 that the Ahlfors—Shimizu characteristic

of f(z) is given by
Tor, f) = J‘S(tf)dt (0<r<1)

If in this equatlon we substltute (6.2) we obtain no bound for Ty(r,f)

since .

dt
f ¢ log( l/t)

dlverges at the origin. It thus becomes imperative to obtain a stronger
inequality than (6.2) for small values of r. This was done by Dufresnoy
who provedf
TuEOREM 6.1. If f(2) is meromorphic for |z| < ry, and S(r,,f) < 1,
then we have for S(r) = S(r,f) the inequality
180 _1_ Sy
r21—=8(r) ~ r2 1—S(r,)
and hence by making r - 0,
(0 2 1 S(r
(o) <sirs ®4
6.1.1. We need the isoperimetric property for circles on spheres.
Lemma 6.1. If y is a simple closed Jordan curve on the Riemann sphere
having length L and dividing the sphere into two domains with area =S,
w(1—8) respectively then we have
L2 > 4728(1—8).
Equality holds when y is a circle.

(0 < r <ry), (6.3)

The following proof is the analogue of one given by Blaschke [2,
pp. 7 et seq.] in the plane case. We may suppose without loss in
generality that L < , since otherwise there is nothing to prove. Then
v lies entirely in a hemisphere. In fact let P, P, be two points on y,
such that each of the arcs PP, of y has length L, and let P, be the
midpoint of the shorter great circle arc P, P,. Then each point of y
lies inside the hemisphere of centre P, radius }=. For otherwise y would
contain at least one point P on the circumference of this hemisphere.
Let P;, P,, P, be the points diametrically opposite to P,, B, F,. Then
Plies on the great circle of centre P, radius }=, with respect to which
the pairs of points P,, P; and P,, P, are symmetrical. Thus

B P+PBP=PP+PP,>in,
+ Dufresnoy [1]; see also Valiron [3, p. 136].
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since P,, P; are diametrically opposite. Since the arc P, PP, has length
3L < }m, and the length of an arc is not less than that of the corre-
sponding chord, we obtain a contradiction.

The proof of Lemma 6.1 now runs quite analogously to the plane
case. Straight lines in the plane correspond to arcs of great circles on
a hemisphere and so the notion of a polygon and a convex figure makes
sense in a hemisphere. We can prove just as in the plane case that if
a Jordan domain D in a hemisphere is replaced by its convex covert D,
then D has an area which is at least as great and a perimeter which is
not greater than that of D.

Suppose that D is a convex domain and that P, P, are two points on
the boundary of D, such that the arcs P, P, have equal length. Then
the diagonal P, P, divides D into two subdomains D, and D, having
areas A,, A,, say, and the same perimeter. Suppose that 4, > 4,.
Then we replace D, by the reflection D of D, in the diagonal P, P,. If

D*=D,UD;UPR,

then D* has the same perimeter as D, and area which is not less than
that of D, and D* is symmetrical about a line. D* may not be convex,
but the convex cover D** of D* has area which is not less and perimeter
which is not greater than that of D, and D** has in addition a line of
symmetry. Thus we may confine ourselves to such domains. We can
now prove that such domains can be approximated by spherical poly-
gons. Thus it is enough to prove ourresults for spherical convex polygons
with a line of symmetry. We prove

LeEMMA 6.2. Let w(ly,...,1,) be the class of convex polygons p, P, P, ... P,,
having 2n sides at most, whose lengths satisfy

‘Pr‘Pr+1 < lr (7’ = lto n)’
and such that p is symmetrical about.the diagonal P, P, ;. Then there exists

Do having maximal area in the class n(ly,...,1,), and p, has all its vertices
on a circle. '

It is not difficult to see from Weierstrass’s.convergence theorem that
the class is compact, so that the maximum is attained in the class.
In case n = 2, the lemma reduces to showing that in a spherical triangle
with given sides P, P, of length [;, and P, P; of length [,, the triangle
P, P, P, has maximum area if the angle P, P, P, is equal to the sum of
the angles P,P,P; and P,P,P,. This is an elementary exercise in
spherical trigonometry. We can also show that if the triangle P, P, P,

+ The convex cover of D is defined as the intersection of all convex sets containing D.
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is not of maximum area, we can increase or decrease the angle P, P, F;
slightly so as to increase the area P PP,

The method leads us to our general proof. We suppose that p,,
B PF..P,Pis our extremal polygon, and that one of the vertices P,
does not lie on the circle with P, P,, as ends of a diameter. We may
suppose that 1 << r < n-+1. Then we may form a new triangle P, P, ,, P,
having bigger area than P, P, P, and such that P, P, = P, P, and
BP,.,=P,P,. . We then construct P, for s 5 r in such a manner
that the pairs of polygons P, P ... P,_, P;, P, B, ... B,,and P, P, ;... P, .4,
P.P.,,.. P, are congruent and so have the same area. Since the triangle
P, P, P, has smaller area than P, P, , P, ., we see that the polygon
P, P, ... P, P, has greater area than P, P,... P, , P, and by reflecting
in P, P, ., and taking convex covers we obtain a new polygon p, which
belongs to our class and has greater area than p,. Thls gives a con-
tradiction.

It is clear that if we take [, =, = ... =1, = )\/n, where A is fixed,
the corresponding extremal polygon has area and circumference which
approximate to those of the corresponding circle. Thus in this case we
have for fixed A,

A2 > 4728(1—8)—e, if n > ny(e), where 7S is the area of p,,

and so this inequality remains true for any polygon in our class.
Now if ,,..., [, are fixed finite numbers, the class #(l,,...,1,) is con-
tained in #(A/n,..., A/n), provided that

rI(A/n 1’ 7‘2()\/7&) > l2a-") rp()‘/n) >l
where r,+r,+...4-7, = n,

since a side of length I, can be considered as made up of r; sides of
length not greater than A/n. Thus we may take

and so

Then if § is the area of our polygon we deduce that for large n
25(1— p)?
4n28(1—8) < (Z lv+n) e

and since [, to I, are fixed and ¢ is arbitrary, we deduce Lemma 6.1
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for any polygon and so for any rectifiable Jordan curve on the Riemann
sphere.

6.1.2. We deduce

Lemma 6.3. If f(z) is meromorphic in |2| < R, and L(r), S(r) are
defined by (5.21), (5.22) for 0 < r < R, then we have

L(r)? > 4n*8(r)(1—8(r)} (0 <r < R).

The inequality is trivial unless S(r) < 1. As in section 5.3.2, we
consider the nth sheet, consisting of all those points covered at least n
times by the image of w = f(z). Suppose that this nth sheet has area
=S, and length of circumference L,,.

Let D be a domain on the sphere bounded by curves y, to y,,, having
lengths 7, to I, and suppose that the complement of D on the sphere
consists of domams D, to D, having areas no; to mo,. Then we have

by Lemma 6.1 B> dn%,(1—a,).
Thusifl =31, 1—¢ = Y o,, we deduce that
2= 2 212' = 4n? {Z av—z 03} = 4"2{2 av—( z Gv)z}

= 47¥(1—0)—(1—0)%} = 4n20(1—o0).
Thus if D is an arbitrary domain of circumference I, and area wo, we
deduce that 12 > 47%0(1—0). By addition this result remains true for
a set consisting of the union of a finite number of domains and thus we

deduce > 47725,”(1_ ).
Also we have S(r) = 3 8,, and L(r) > > L, by (5.4). Thus we have

finally
P22 L > 42 8,— 2 8) = 4n{S(r)—S(r)3.
This proves Lemria 6.3.
We now recall the inequality
as

L(r)? < 2n% —

A dr
from section 5.6. ‘On combining this with Lemma 6.3 we deduce

4m28(r){1—8(r)} < 2% ‘fi_f

so that we have

3 2dr S'(r)dr
f (T‘S(r>{1—8(r)}) <O O<n<n

1

and this yields Theorem 6.1, on changing r; to r.
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6.2. Consequences of Theorem 6.1
We now deduce

THEOREM 6.2. Suppose that f(z) is meromorphic in |z| V< 1 and satisfies
there the inequality (6.1). Then we have the inequalities

Tyr.f) < Mlogty (0 <r <1), (6.5)
S(r,f) < h31—:2;é 0<r<1) (6.6)
’ 0 2
and (#ﬁ%;z) <hy, (6.7)

where hy is a positive constant, depending only on h,.
We start with (6.2) and choose 7, so that
haflog(1/re) = 3,
so that rg = e~

Then (6.2) shows that (6.6) holds for » > r,. For r < r, we now use
(6.3) which shows that

Sy 1 8(ry) 1
PW<z SG=et (0 < 7).
r2 ~x 7'2 1— (7‘0) =€ ( <r "o)
Thus (6.6) holds also for r < 7,. Ma,kmg r — 0 in (6.6) we obtain (6.7).
Finally integrating (6.6) we deduce that

Tyr.f) = f < by f—m dt = 3]og——1_1_ 5

as required.

CoroLLARY 1. The conclusion of Theorem 6.2 holds if f(z) is mero-
morphic in |z| < 1 and fails to take there three complex values a, b, ¢, with
hg depending on a, b, ¢ only.

COROLLARY 2. The conclusion of Theorem 6.2 holds if f(z) is mero-
morphic in |2| < 1 and fails to map any subdomain of |z| <1 (1,1)
conformally onto any of five simply connected domains D, (v =1 to 5)
whose closures are disjoint.

These corollaries are consequences of Ahlfors’s Five Islands Theorem.
Corollary 1 contains the theorems of Schottky and Landau, and Corol-
lary 2 that of Bloch, at least in a qualitative form. We shall return to
this point in section 6.6.
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6.3. Normal families

Following Montel [1], a class F of functions f(z) meromorphic in
a domain D is called normal in D if, given any sequence f,(z) of func-
tionsin F, we can find a subsequence f,, (z) which converges everywhere
in D and uniformly on compact subsets of D with respect to the chordal
metricon the Riemann sphere. We then say that f, (z) converges locally
uniformly in D.

An equivalent statement is that for every z, in D there exists a neigh-
bourhood |z—z,| < & in which either fny(2) OF f, (2)71 converges uni-
formly as p - c0. Suppose in fact that the second condition is satisfied.
If wy, w, are two points in the w-plane, their distance in the chordal
metric of the Riemann sphere ist
[wy —w,|

. .
Al o s = FOF T, BB S o
SO
11wy [, 11
Hon ) = = T o) T 1) [y |

Thus if either f,(z) - f(2) or f,(z)~* - f(z)~! uniformly in a set E, then
k{f.(2),f(2)} > 0, uniformly in E. Thus if one of these two conditions
holds uniformly in some neighbourhood of every point of D,

k{fo(2), £(2)} > 0
uniformly in some neighbourhood of every point of D and hence by
the Heine—-Borel theorem uniformly on every compact subset of D.
Conversely, suppose that k{f,(z),f(z)} = 0, uniformly on every com-
pact subset of D, where f,(z) is meromorphic. Let z, be a point of D
such that f(z,) = c0. Then we can find a neighbourhood |z—z,| < §,
such that [f(2)] > 2, for |z—z,] < 3, and so
1 1

k{f(20),f(2)} = K{oo,f(2)} = JAFfoP <

Choose n so large that for [z—z,| << 8, n > ng, k{f(2),f(2)} < e < 2.
Then
3

1 1
k{fn(z), 00} < Z—}—-% < e

1 9 7 9
—_— — 2 > -, ‘ Z
1+|fn E ST HEE>g 1Le)>3
Thus — f and i——) are regular in |2— z(,[ < 8 for large » and since
11 el 1w, 11 1
kw,w = |—— 1 2 4>__—_’
(wy, wp) w;, ol (I [0, B) JA+ [0y ®) ™~ 4wy 10y

1 See section 1.5.
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if jwy| > %, |w,y| > %, we deduce that
1
\fa®) f(z)
Thus f,(2)~1 - f(z)~! uniformly in |z—z,| < 8.
We deduce similarly that if f(z,) 7 oo, so that f(z) is regular and so
bounded in some neighbourhood |z—z,| < §, then if

k{fa(2), f(2)} > 0

as n — oo uniformly in |z—z,| < §, £,(2) is finally regular and uniformly
bounded in |z—z,| < & and f,(z) - f(2) uniformly in [z—z,| < 8.

< 4de (lz—2z] < 8, n > my).

6.3.1. We have next a criterion due to Marty [1].

THEOREM 6.3. 4 class F of functions f(z) meromorphic in a domain D
of the complex plane is normal in D if and only if T |f'(2)| [ {1+1f(2)|%}
. 18 uniformly bounded on any compact subset of D for f e F.

Suppose that the condition is not satisfied. Then we can find a com-
pact set E in D and a sequence of points z, in E and of functions
fa(2) € F, such that TAR)

ERT AR +o0. ., (6.8)
By changing z, slightly we may assume that f,(z,) # oo, for any pair
m, n. By taking subsequences if necessary we may aséume that z, - z,,
where z, is a point of E, and f,(z,) - w, where w is7a finite complex
number or w = co. %

We note that |f’|/(1+|f|?) is continuous at all péjnts where f(z) is
regular. At a pole z, of f(2), we set f(z) = 1/$(z), so that ¢(z) remains
regular at z,. Alsot £ ] '

T+IfE T T4
which remains continuous at z,. Suppose now that a subsequence Iny(2)
converges to f(z) in |z—z,| < §, so that

f;,(z —f'(2), uniformly in |z—z,| < 33.
Thus fnp —f (2)+o(1), f"p __f )+o(1)
and so
e = T e = TEf e = 0w

I+f@F  I+{fE) e 1+(f
uniformly as p >0, for |z2—z5| < 3, and this contradicts (6.8).

1 If f, ¢ are finite and f = 1/¢, then [f’|/(1+]f|?) = |¢'|/(1+]4|?). At points where
f is infinite we use this relation as a definition.
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Similarly we obtain a contradiction if .
1 .1
)" @
uniformly in |2—z¢| < 8. Thus the condition of Theorem 6.3 is

necessary for the family F' to be normal.
The condition is also sufficient. Suppose in fact that

——— .9
A (©9)
for f(z) e F, and |z—z,| < 8. Then we deduce for z = z,4-re®, 0 < r < §,

- - | £ (zot-pei®) dp
[tan=1| f(2) | —tan-1| f(z) || < ﬁ‘l;(—zo_gggﬂ-z < Ms.

Suppose first that |f(zo)] < 1, and choose § <C w/12M. Then
tan-l|f(2)| < dmtidm =7, |f(2)] < V8, |z—z| <&
Similarly if |f(ze)| > 1

tan-|f(z)| > 3=, so that |f(z)| > for |z—zy| < 8

4 )
Thus if (6.9) holds in |z—z4| << 8, we have either |f(z)|] < 3, or

|f(2)7Y < ¥8in |z—zo| < 7/(12M). Given a sequence f,(z) of functions
f(z) € F satisfying (6.9) we can find an infinite subsequence which

satisfies If(2)] < V3 . (6.10)
or an infinite subsequence which satisfies
|fa(2)71] < V3. (6.11)

In the former case we use a diagonal process to find a subsequence
fni(2) converging at each of the points z,, of a sequence dense in
|z_—z0| < 3.

We now assert that f, (2) = g,(2), say, converges uniformly in
[z2—2z| < 8. In fact we have

lg9p(2)] < V3,  |z—2o] <8
and so l95(2)] < M(1+|gy(2)[* < 4M
80 that for |2,—zy| < §, |z—2¢| < 8,

€

1902 —9p(21)| < 4M |zg—2| < ke, if |2g—21] < o7
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Let zy,..., 2y be N points of the dense sequence in |z—z,| < 8 such that
each point z in |z—z,| < § satisfies

=2 < 153p

for at least one v. Since g,(z) converges at each of z, to zy, we can find
Do, Such that :

190(2,)=94(z,)| < d¢ (p > Po, 9> P, v =1t0 N).

Then, for |2—zy| < §, choose z, such that |z—z,| < ¢/12M. We deduce
that for p > p,, ¢ > 20,

199@)—042) | < 19— (2 1+ 195(2)—9(2) |+ 19402, —402)]

< ietietde=ce

Thus g,(2) = f,,(2) converges uniformly in |z—zo| < 8. Similarly if
(6.11) holds we can find a subsequence f, (z) for which f;1(z) converges
uniformly in |2—z,] < 8. Thus any point in D has a neighbourhood
in which a subsequence f,, (z) converges uniformly in the chordal metric.
The argument shows in fact that if f, (z) is a subsequence of f,(z)
which converges in the sense of the chordal metric at each point of
a countable dense subset of D, then f, (z) converges in the same sense
locally uniformly in D if (6.9) holds. Since such a subsequence can
always be formed by a diagonal process, Theorem 6.3 is proved.

'6.3.2. It follows from Theorem 6.3 that a bounded family of regular
functions is always normal in any domain D. For if |f(z)] < M in D,
for fe F, and E is a compact subset of D, then E is at a positive
distance § from the complement of D. If z, is any point of E then

If@)| <M for |z—zo] <98, 2oin &,
and so by the Cauchy inequality, |f'(z,)| < M /3, and so
If 2o)|
1+ £(zo)
Thus the family F is normal in D. We shall show presently that the
functions satisfying criteria of the kind considered in Corollaries 1 and
2 of Theorem 6.2 are also normal in |2| < 1. Functions satisfying the
criterion (6.1) are not in general normal in the whole unit disk, though
we shall see that they are normal in a neighbourhood of the origin.
To see this we consider two examples.

Example 1. Let
Jale) = 2214

M
,2\ |f 20 <—8~’

1

- = 1,2,...).
8n(2z—1) (v )
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Then for |z| < %,
Lf'n | < 1+%+ < 2,

‘2
— < 1.
fa2) 8n|2z 1z =

@]
Thus < L , <3,
1+m
and so, for 0 < r < 1, we have
r2

% < S(T) < 91‘2’

Thus we have

S(r) < 45’L( )< 2L(r) (0<r<1) (6.12)

for all the functions f,(z), so that (6.1) holds for 0 < » < 1. Again for
z=2x+1y (x < 0)and |z| <1

fule) =21 = 8n(2z2—1) (2|.:|+1)2<1’
and )] < 344 < 4.
Thus gl_}’:”_ >1_17,
and  L() > f TRulA I’;"’LL;)TS ST G<r<n”

Again since f(z) assumes no value more than twice in the whole plane
Sr)<2 (0<r <o), '
so that for } <r <1 S(r) < 136L( ).

™
In view of (6.12) this inequality holds for 0 < » < 1. On the other
hand, f,(2) is not normal in any neighbourhood of z = }. For otherwise
we could find a subsequence f, () such that either f, (z) or f,,p(z)‘-l was
uniformly convergent in some neighbourhood |z—%| < 8. However,
fa(2) has a pole at z = 1, and a zero at z = }-+4¢/4,/(2n), so that for
all large » neither f,(z) nor f;(2) is regular in |z—%| < 8.
Example 2. Consider the functions

fal2) = nz.

853503 M
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They take no value more than once and so S(r) < 1 for these functions
for 0 < r < co. But they do not form a normal family. In fact

BOL . aeee
i@ =" T

so that f,(2) is not normal at the origin. Against this we can prove

THEOREM 6.4. If 0 < K < 1 and F(K) 1s the class of all functions
meromorphic in |z| < 1 and satisfying S(r,f) < K (O < r <1) there,
then we have for f(z) € F(K)

lrllelz\ 1——|z|2)A/(1_ ) (6.13)

Thus F(K) is a normal family in |z| <L
We deduce from Theorem 6.1 that

rol _1 (K
o <34 l) ©<r<v

and letting » — 1, we deduce (6.13) with z = 0.
Next it is clear that if f(z) € F(X) and |z,| < I, then

o) = f( ) < P,

In fact the ima,ges.of |z] <1 by g(2) and f(z) are identical and have
area at most K. Thus we deduce that

lg'(0)] (1—lzol®)|f (20)] K
C141g(0)F T 14 |f(zo)[? S A/(I—K) (120l < 1),

and this proves (6.13). Thus F(K) is a normal family by Theorem 6.3.
On the other hand, Example 2 above shows that F(1) is not a normal
family.

6.4. Normal invariant families

We have seen that functions f(z) which satisfy (6.1) do not form
a normal family in |z| < 1 but only in some disk |z| < r,, where r,
depends on A,. (This latter result follows from (6.6) and Theorem 6.4.)

The reason for this lies in the fact that we have confined our con-
siderations to disks centred at the origin. However, in many cases
(6.1) holds if L(r) and S(r) refer to any disk whose closure lies in
|z2] < 1, even if its centre is not necessarily at the origin. This remark
leads to a significant extension of our theory.



6.4 FUNCTIONS MEROMORPHIC IN THE UNIT DISK 163

Let f(2) be meromorphic in |z| < 1 For any real A and z,, such that

|zo] < 1, we shall call
— £[ix 2 T2
f@%»—deﬂ)

a translate of f(z). Thus the translates of f(2) are the various mappings
of |z| < 1 onto the Riemann surface of f(z). A family F of functions
f(z) is said to be invariant (Hayman [2]) if whenever f() € F then all
. the translates f(z,2,,A) € F. Many normal families turn out also to be
invariant, and for these it is possible to obtain bounds of considerably
greater precision than for general normal families.

Following Lehto and Virtanen [1] a function f(z) is called normal if
f(z) together with its translates constitutes a normal family.t We have

THEOREM 6.5. An invariant family F of functions f(z) meromorphic in
|2| < 118 normal there if and only if there is a constant B, such that

Ol g 6.14
ERFOE (6.14)
for f(z) e F. A function f(z) meromorphic in |z| < 1 is normal if and
only if

(A=[=3)If' )
TTar < B (2] <), (6.15)

where B is a constant.

Suppose that F is an invariant fafnily. Then if F is normal we deduce
from Theorem 6.3 that (6.14) holds for f(2) € F. We apply this result

to the translate
ﬁ@=d%fﬂeF

14252
. (1= e )1 (20)|
and obtain ————— < B.
14 £( zo |2 =

Thus (6.15) holds for f(z) € #. In partlcula,r if f(2) is a normal function
f(2) belongs to a normal invariant family and so (6.15) holds.
Conversely if F is an invariant family whose members satisfy (6.14)
then they also satisfy (6.15) and so by Theorem 6.3 F' is a normal
family. Finally if f(2) is & meromorphic function satisfying (6.15) then

the translates otz
— 0_ ,iA
v W) = 552 %)

+ The authors obtain some very interesting boundary properties of such functions,
showing that they have some properties similar to those of bounded functions.
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all satisfy (6.14) and so form a normal invariant family by the first
part. Thus f(z) is a normal function. We deduce at once

THEOREM 6.6. Let f(2) give a meromorphic map of |z| < 1 into the
Riemann sphere and let L be the length of the image of the circumference
and =8 the area of the image of some disk whose closure lies in |z| < 1.
We define £ (h) to be the class of functions such that

S <hL (6.16)
for all such disks, where h is a positive constant. Then £ (h) is a normal
tnvariant family.

It is clear that (k) is an invariant family. In fact if
7 — gid z—l—zo
1 +z0
then disks C whose closures lie in |2| < 1 correspond to disks y whose
closures lie in |Z| < 1 in the Z-plane and the images of y, C by

_ [¢Nz-2)
f(z) and g(z) = f(T—FZ:z—)
respectively are identical. Thus if f(2) satisfies (6.16) then so does g(z).
Further, if (6.16) holds it follows from Theorem 6.2 that

i <>

for f(z) € L (h), where h, depends only on &, and so by Theorem 6.5

Z(h) is a normal family. We have seen, for instance, that the functions
which do not satisfy the conclusions of the five-islands theorem for
a set of five fixed domains belong to .#(h) for a suitable constant %
and so constitute an invariant normal family.

We have obtained in Theorem 6.2 some bounds for the functions of
#(h). Similar bounds hold for arbitrary normal invariant families. We
have in fact

TrrorEM 6.7. If F is a normal invariant family then (6.5), (6.6) and
(6.7) hold with hy = B2, where B is the constant in Theorem 6.5.

In fact we have by Theorem 6.5 for f(z) € F
1Ol _ g
I+IfOF =™
where B is a suitable positive constant. By applying this to

Zp+2 — ol
f(_—1+20z) where z, = re¥,
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. ’ 2 B2
we obtain {IJ!{U(;/)Z')IZ} < A= (lz] = ).

We integrate this inequality and deduce

e V0 < o2
8¢.1) “*f ”1+|f "’I”)p P

1
ol f) = f = log -
0
This proves Theorem 6.7.

r

(1—p?2  1—p¥
0

7-2

6.5. Normal invariant families of regular functionst

If F is a normal invariant family of regular functions, such as, for
instance, the sub-class of the regular functions in #(k), we can obtain-
bounds for the maximum modulus and the derivative at the origin
which are essentially best possible even in the special case of functions
f(2) 0, 1. We thus obtain strong versions of the theorems of Schottky [1]
and Landau [1].

THEOREM 6.8. Suppose that F is a normal invariant family of functions
regular in |z| < 1. Then there exists a constant C depending only on F

such that for f@) = ag+a,2+...€ F, -
we have la,| < 2p(logp+-0) (6.17)
and M(r,f) < pd+-nexp ?_gfr (6.18)

where = max(1, lay|), and M(r, ) = sup |f(@).

For any real C and positive D the functions
f(z) P e—C+D(1+z)/(1“z)
satisfy |f(z)] > e~C and so belong to a normal invariant family. On
the other hand, for D > C,
f(0) = p = eP-C,
£'(0) = 2Df(0) = 2p(log p+C),

and M(r, f) = e(D-CX1+n)[1-1)+2Cr[1-1) — p(1+r)/(1—r)e20r/(1—r).

Thus the general form of the bounds obtained in Theorem 6.8 cannot
be sharpened even in this special case, though in other cases one may

try to obtain good estimates for C.
t Hayman [2].



166 FUNCTIONS MEROMORPHIC IN THE UNIT DISK 6.5

6.5.1. To prove Theorem 6.8 we shall need two lemmas.

LemMmA 6.4. There exist positive constants By and r,, such that f(z) € F,
1] <1, Jzo] < 1, If (2)| < 1, | (20)] = € imply

22—2%

=7,
—22, °

Suppose that the lemma is false. Then we can find sequences z,, z,,.
and functions f,(2) € F, such that

’
Zn—%n

faledl ST 1fale)] > +oo, and |pesn] 0.
_ 2,42
We Set gn(z) - fn(l-l"ZnZ)

so that g,(z) € F. Also
9.0 < L, |ga(&a)l = o0,

where z"—_’_——gﬁ; =z,
1+2, L,
<o that Gl = 7= 0.
) n~n

Thus no subsequence of g,(z) or g;(z) can converge uniformly in any
neighbourhood of z = 0, contradicting our hypothesis that f,(z) and
hence g, (z) belongs to the normal invariant family ¥ for all x.

We have next

LeEMMA 6.5. Suppose that ¢(z) = by+b, z+... 15 regular and satisfies
lb(z)] > 1in |z] < 1. Then we have |by| < 2|by|log|b,| and if |2;] < 1

G=L2wehee  ge) > e,

212

where L 72|
1—2,2,

Suppose that b, = pei*, where P > 1, so that for a suitable branch
of the logarithm

(2) = log{e—""¢(z)} = got+g12+... (9o > 0).
Then g(z) has positive real part and so if

. _9()—g
9e) = uiv,  wle) = geya
we have lu(2) |2 = (.‘ﬁ:g")“t’f!l <1 (2l <1).

(u4-go)%422
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Also 11(0) = 0, so that u(z) satisfies the hypotheses of Schwarz’s lemma.
Thus g
’ W(0)] = |22

(]
which gives [b;] << 2|b,|log|b,| as requlred Further, for |z| = ¢, we
deduce |‘u( )l ¢

l9(2)| — g0l < 19(2)—g0| < tlg(2)+g0| < t19(2) |+ Ig0l),
t

<1,

1
so that 9] < lol {0

and hence

186)] < €901 < exp(14logI4(0)]) = 4(0)400-

We apply this inequality to

i) = ¢ 2E2),

which also satisfies |)(z)] > 1 for |z| > 1, and deduce for |z,| < 1,
|(20)| < |B(2) [+,
where ¢t = |z|, and z is given by
zl-{:z = 2z, 1. 2= —%L_zl-
14-2,2 1—2,2,

This completes the proof of Lemma 6.5.

6.5.2. Proof of Theorem 6.8. Suppose now that B, r, are the constants
of Lemma 6.4. If |a,| < e, we have by Theorem 6.5

la,| < B(14|ay|?) < 2BeBy,
so that (6.17) holds with C = BeB,
Suppose next that |a,] > eB'. Let p be the largest positive number
h that
such tha f@] > 1 (2l <p).
If p > 1, (6.17) follows from Lemma 6.5 with € = 0. If p < 1, let r
be the largest positive number such that |f(z)| > eBy, for |z] < r.
Then there exists 6, such that |f(re¥)| = eBi. Consider the function
$(2) = (p2)- |
This satisfies the hypotheses of Lemma 6.5 and hence we have, taking
2o =10,2 = (r/P)eie’ t=r/p,
B = 92| > laglo-res,

Py < B,. 6.19)
P+7' Oglaol S 1 (
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On the other hand, we have for a suitable 6,, |f(pe?®")| = 1, whereas

by hypothesis | f(,.ewl)l > B,
In view of Lemma 6.4 this implies
—r
{)—Pr = To- (6.20)

Combining (6.19) and (6.20) we obtain
—r 7
B, > loglay| > 2(1—prloglay,

2B,

so that l—p < 1l—pr < ——1
P Prs rologlay|

Also we have, by Lemma 6.5,
1$'(0)] = p|f'(0)] < 2|a,|loglay]-

2(1—p)
p

Hence we find

o |log|a,|

2
la,| < ;lao|log,ao| = 2|a,[log|a,|+
4B
< 2laglloglag|+-——2a,|.
Top

Since p > r,, we have (6.17).
It remains to prove (6.18). We first apply (6.17) to the translate

o(e) = F(F2EL) = -+ — o Gt

and deduce that if |f(z,)| > 1, we have for f(2) €. F, |z,| < 1,
(I—1lzo)1f"(20)| < 21 (20) [{log|f(2) 14 C}.
Suppose now that M(r,f) = |f(re®)| > 1,

since otherwise (6.18) holds trivially. Let r, be the lower bound of all
positive numbers such that

e =1 (<t <)
Then either r, > 0, and |f(r,e®)| = 1, or r, = 0, so that in any case
(%) < = max(1, |a)).

Also we have, for r, <t <,

()] < —

L 17l {log) %)+,

2
1—2

and hence -g-tlog{log] f(te?®)|+C} <



6.5 FUNCTIONS MEROMORPHIC IN THE UNIT DISK 169

Integrating this.from ¢ = r, to , we deduce

log{M(r,f) +C’} l+r(1—ri)
log|f(r,e®)|+C ~ 1—r\14r

and hence a fortiori
log M(r,f)+C < (logu+0) 1
This completes the proof of Theorem 6.8.

-|-r

—r'

6.6. Theorems of Schottky, Landau, Bohr and Bloch

The theorem of Schottky [1] states that if f(z) is regular and satisfies
f(z) #% 0, 1in |z| < 1, then

M(r.f) < Q(ay, 1),
where Q(a,,r) depends only on a, and r. It follows from Ahlfors’s
Theorem 5.5, that since f(z) has no islands over any domains containing
w = 0, 1, 00 we have in this case
S(r) <hL(r) (0<r<l),

where % is an absolute constant. In view of Theorem 6.2, (6.7) we
deduce that 1£/(0)]

e S
for such functions and since our class of functions is invariant it follows
from Theorem 6.5 that it is normal. Thus we may apply Theorem 6.8
and have Schottky’s theorem with

Qe 7) < exp o {(1-+n)logmax(L aq) +2C7},

where C is an absolute constant.f At the same time we have for
1

ol > 1, Jay] < 2lag(loglay||+0), (6.21)

and by applying this result to f(z)-! we see that it is also true for

lag] << 1. Thus we obtain a strong form of Landau’s [1] theorem. This

asserts that if - F@) = ag+ayz4... (@, # 0)

is regular in |z| < R, then for B > Q,(aq,a,), either f(z) or f(z)—1 has

a zero. By applying (6.21) to f(Rz), we obtain ‘
la,| R < 2|al([loglay||+C),

if f(z) # 0, 1 in |z] < R so that Landau’s theorem holds with

0(ay,2,) = 2| |( lk}i%”-w)

1 For the sharpest numerical bounds known see Jenkins [1].
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These bounds are of the right order of magnitude in every way
except for the unknown absolute constant C.t

As an application we prove Lemma 2.5, whose proof was left over
from Chapter 2. |

THEOREM 6.9 (Bohr [1]). Iff(z) = a,z+ta,22+... ts regular in |z] < 1,
and satisfies M@G.f)

then f(z) assumes in |z| < 1 all values on a circle |w| = r, where r = A,
and A is a positive absolute constant.

Suppose that for all r > 1 we have a value w,, such that |w,| =7,
and f(z) # w,in |z| < 1. We choose w,, w, such that |w,| = I, |w,| = 21
and f(z) 7 wy or w, in |z| < 1. Then

¢(z) — f(z)_wl

We— Wy

satisfies the hypotheses of Schottky’s theorem and

Thus Schottky’s theorem gives for |z| <
6@ < 4y 1@ < lwyl+ [wp—wr]| [$()] < U1+34,).

This gives a contradiction if

I = (1+34,)7,
and so f(z) assumes all values on some circle [w| = r, with

> (1434~
Actually our argument proves a little more, namely that for
< (14347,
either f(z) assumes all values on |w| = r or on |w| = 2r.
As another application of Theorem 6.7 we obtain

Brocn’s TueorEM] 6.10. Suppose that w = f(2) = z+... is regular
in |z} < 1. Then f(z) has a simple island over at least one disk of radius
B in the w-plane, where B is an absolute constant (called Bloch’s constant).

Suppose that f(z) has no simple island over any of the disks

1 The best result for C in Landau’s theorem is due to Lai [1], who obtamed
4-37 < C < 476, sharpening an earlier result of Jenkins [2].

} Bloch [1], Théoréme G, p. 9. The sharpest known bounds are B << 0472, due to
Ahlfors and Grunsky [1], and B > 0-433, due to Ahlfors [4].
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where d is a positive constant. Then

has no simple islands over any of the disks |w—n| < } (» == 0, F1).
Also ¢(z) is regular and so has no islands at all over the region |w| > 2.
Such functions ¢(z) again form a normal invariant family by Theorems
5.5 and 6.2, and so we deduce from Theorem 6.7 that

#O0)=2<20, d>(0)

where C is an absolute constant. Thus f(z) has a simple island over at
least one of the three disks [w—nd| < }d (n = 0, F 1), and d = (3C)-1,
where C is an absolute constant. This proves Theorem 6.9 with
B = (30)-1, and in fact rather more. A similar argument shows that
if D;, Dy, D, are any three mutually exclusive simply connected domains
in the plane and AD, denotes the domain obtained from D, by a magni-
fication in the ratio 1 to A about the origin, then the function f(z) = z+...
regular in |z| < 1 has a simple island over at least one of the domains
AD,, if X is less than a constant depending on D,, D,, D, only. The
corresponding result for two domains D, is false. In fact for any
positive A

contains no simple island over any domain containing either of the
points FA, since f(z) = FA implies f'(z) = 0.

For some further applications of normal invariant families see Hay-
man [2].

Example 1. If r > 1, |2,] < 1—r, and f(z) € F, where F is a normal
invariant family, show by using a suitable translate of f(z) that

B
S(r,f(zo+2)) < M}
and hence that T(r,f(z0+2)) < B, 1°g'1‘1_—r"

where B,, B, depend on F only.
Hence by using this result with » = £, and suitable zy, show again that
o(1)

log M(r,f(2)) = 1=, 87~ 1.
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Ezample 2. If f(z) = ay+a,2+... has no simple island over any disk
of radius 1, show that

1 . 1
< =, Hppil -

ml <5 0N S gy 0<r<D),
and hence by applying Cauchy’s inequality to f'(z) prove that
2e

la, | < —— =
la,| < B3 (n=12,.),

where B is Bloch’s constant.

Example 3. If F is a family of funetions w = f(z) regular in |z] < 1
whose images contain no simple island over any disk having its centre
over the imaginary axis and radius greater than B in the w-plane,
prove that the functions e/ constitute a normal invariant family. By
considering the functions z = f-!(w) and applying Schwarz’s lemma,
prove also a converse result. -

6.7. Functions of bounded characteristic
If f(z) is meromorphic in |z| << 1 we know that 7'(r,f) is an increasing
function of » for 0 < r < 1. It follows that
T(Lf) = lim T(r,f)
r—>1

exists as a finite or infinite limit. If 7'(1,f) is finite we say that f(z)
has bounded characteristic in |z| << 1. If f, g have bounded charac-
teristic in |2| < 1 then so has f/g, unless g(z) = 0, since

T(r,g) < T(r,f)+T(7’, ;1]) < T, f)+T(r,g)+0(1).

Thus in particular if f(z) and g(z) are bounded in |2| < 1 and g(z) =£ 0,
then f(2)/g(2) has bounded characteristic in |2| << 1. We shall see that
the converse is also true. Functions of bounded characteristic are
necessarily ratios of bounded functions. We shall proceed to prove this
result, due to R. Nevanlinna [1, 3], but the proof is fairly involved and
will have to be carried out in a number of steps. :

We have first the following result due to Blaschke [1].

LeMma 6.6. If a, is a finite or infinite sequence of numbers, such that
0< la,l <1, (1—la,|) < +o0, then the product

a,—2 a, 6.22
n (l_dnz) 'anl ( ’ )

converges to a function m(z) regular in |z| <1, satisfying |m(2)| < 1 there,
and vanishing only at the points z = a,,.
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A product such as (6.22) is called a Blaschke product. If the number
of factors is finite the product is called a finite Blaschke product, other-
wise an infinite Blaschke product.

We note that if

. _ Gy—2 Gy
pn - pn(z) - l—a 2 lanl
(1—la))
th 1— —_ (zan+la’nl n
en Pn= (1—a, 2)|a,|
Thus for |z| < r < 1, we have
2(1—|a,))
1— < —=—Lnl
1=pal < (1—r)|a,]|

Since ¥ (1—|a,|) converges, |a,] >1 as n - co. Thus the sum
> (1—p,(2)) and hence the product ] »,(z) converges uniformly and
absolutely in |z] < r, for every fixed » < 1, to a regular function =(2).
Also #(z) = 0 if and only if p,(z) = 0 for some =, i.e. at the points
2z = a,. Finally |p,(2)] < 1 for each =, and so |7(2)| < 1, for |2| < 1.
This proves Lemma 6.6.

6.7.1. Suppose now that f(z) is meromorphic in |z| < 1, that f(2) has
bounded characteristic and f(0) 7 0, co. Let a, be the zeros and b,
the poles of f(2) in |2] < 1, each counted a,ccordmg to mult1p11c1ty
Then .

1
S (1—1,) =f (1—t) dn(t, 00) = fn(t,oo)d lim N(r,0) < T(1,f).
0

e r—1

Hence, by Lemma 6.6, we may form the convergent Blaschke product

m(2) = ﬁ (—sz—z lg ') (0 < N < o).

Similarly we may form the convergent Blaschke product

z)—_nl——a z]a|

Since my(2), my(2) are bounded,
| ) = ™ 1)
ﬂ .
still has bounded characteristic in |2] < 1, and g¢(2) # 0, oo there.
If f(0) = 0 or oo, so that
f(z) ~czp, asz—>0,

where ¢ 7 0, we apply the above procedure to f(z)2=?. We deduce
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LemMMma 6.7. If f(z) is meromorphic and of bounded characteristic in
2] < 1, then
| f(z) = 2» 71(2) gy

my(2)

where p 18 an integer, m (2), my(2) are Blaschke products, and h(z) = u+iv
is regular in |z| < 1 and such that

2m
hru) = 5 [ hutre®)] do
0

remains bounded as r — 1.
In fact we have seen that

—0))
g(2) =2 %f(z)

remains regular in [2| << 1, and g(2) % 0, co there. Thus g(z) = e*®.
Also since f(z), m,(2), 7(2) have bounded characteristic so has g(z). Thus
2

if lu(ret®)| 40 = m(r,g)+m(r,1) —0(1), asr—1l.
27 g
0
6.7.2. We prove next
LemwMa 6.8. If u(z) is harmonic in |2| < 1, and salisfies there
L(r,u) = 0(1), asr—>1,

then u(z) = u,(2) —uy(2), where u,(2), uy(z) are positive harmonic functions
n |z| < 1.

The converse is obvious. In fact if the u,(z) are positive and harmonic
in 2] < 1, then o :

I(r, uy(2)) = —f uy(re®)| 6 = — f u(retd) d0 u;(0).

0

Thus
L(r,uy—u,y) < L(r, uy)+L(r, ug) = uy(0)+us(0) * (0 <7 < 1).
We suppose now that the hypotheses of Lemma 6;8 are satisfied and
set u+(z) = max{u(z), 0},

and for 0 < p < 1, z = re®¥, where 0 < r < p, we form the function

2
_1 ’ (p*—r)dé
up(e) = 2m f utlpe ¢)p2+r2—2pr cos(0—¢) (6.23)
0 .

Evidently ﬁp(z) is positive and harmonic in |z| < p. Also by the
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Poisson-Jensen formula applied to f(z) = euo+iva), where v(2) is the
conjugate function of u(z) we have

1 : (p*—*)d¢
—_ 2__ f pe ¢) 2+7.2.._.2P7‘ OOS(B—"ﬁ)

0
Thus  w,(2) > u(z), and hence wu,(2) > u*(2) (|2 < p).
Suppose now that p; << p, << 1. Then for |z| = p,
up,(2) = w(2).

Also for r = |z] < p; o
. 1 (p3—r?) dé
i) — + 0 P1
e 2"0 vl )P%+r2—2rpl cos(0—¢)’

2w
0\ _l_ 0 (P%“"'rz)d‘}S
Up(re) = 277f Up(p1e )p§+r2—2rpl cos(60—¢)’ (6.24)

since u,,(2) is harmonic for [2| < p,. Thus we deduce that
up, (re®) <y (retd).

Thus the function w,(2) is harmonic and positive in [z| < p, and
increases steadily with p for fixed z in the range 2| < p < 1. We now
ot wn(g) = lim u,(2).

p—>1
Evidently u,(z) exists as a finite or infinite limit throughout |2| < 1.
Also for |2| =7 < p; < 1, (6.23) gives

2
u,(s) <t L f wH(py € d0 < P T(o,, u) = 0(1)
p1—r 2m p1—T )
0

as p; - 1, by hypothesis. Thus u,(z) is finite in |z] < 1. We now set
ps = 1—1/n, and make n— oo in the relation (6.24). By Fatou’s
theorem, since the integrand is an increasing function of », the integral
of the limit is the limit of the integral. We deduce that

(P—r)dp
PEFri—2rp; cos(0—9)

2

nre®) = - [ (e
27

0 .
We deduce that u,(z) is continuous in |z| < p,, and so in |z| < 1, and

hence that u,(2) is harmonic in |z2| < 1. Also for |z] <p < 1,

( ) < up(z) ul(z)’
+ Fatou [1], see also Titchmarsh [1, p. 346].
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so that u,(z) is positive and u,(z) = u(z). Thus uy(z) = u,(2)—u(z) is

also positive and harmonic in |z| < 1, so that Lemma 6.8 is proved.
6.7.3. We can now prove our first representation theorem.
THEOREM 6.11. If f(z) is meromorphic and of bounded characteristic

tn 2| < 1, then
91(2)
z) =225,
. f 9(2)
where g;(z) is regular and |g;(2)| < 1, for 2| <1 (j =1, 2).
In fact by Lemma 6.7, we have

» T1(2) my(2
1) = 273
where h(z) = u-4iv, and I(r,u) = O(1) as r - 1. By Lemma 6.8 it
follows that u(z) = u,(2)—uy(2), where u,(2), u,(2) are positive harmonic
in |z| < 1. Hence we can find functions A;(z) regular in |2| < 1, and
such that hi?) = uy(z) +ivy(2).
We now set
01(2) = NP (e, gy(z) = pmy(a)e ),

) eh(z)’
)

and choose p; = p, p, =0if p >0, p, =0, p, = —p, if p < 0. Then
91(2), g5(2) are regular and satisfy |g;(z)| < 1 for |2| < 1, and

.‘11(_z) = |z pl-mﬂz_)em—u 2 p|T1\%) ( et2) — 2
720 I )™ = VO
Thus by properly choosing A we can ensure that
91(2)
2) = 2L
. 1) g2(2)
as required.

. 6.7.4. Our next result is due to Fatou [1].
Lemma 6.9. If f(2) is bounded in |2| < 1, then the radial limit

fle®) = lim f(re®)
r—>1-0

exists p.p. in 6. More generally p.p. in 6, f(z) - f(e) as z — e from
inside |z| < 1, so that |e®®—z| |(1— |z|) remains bounded.

This is easily proved from the theory of Fourier series. Let
=>a,z"
2 0

Then o [ ifre?)Pdd = 3 o, = O(1) (> 1).
27 &
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Thus > |a,|? =lm Y |a, | < +-o0.
0 r—~1 0
Hence, by the Riesz—Fischer theorem, the Fourier series
0
z a, einf
0

belongs to a function f(ei) in L2, and is (C,1) summable p.p. in 6 to
f(€%%) (Titchmarsh [1, p. 423]). Thus if

5.0) = 3 a e,
k=0
_ 1 Zn _ z" k )

then o,(6) converges to f(e?) as n— oo, p.p. in 6. Let @ be a value for
which this conclusion holds. It then follows from a classical theorem,

that the series ©
S a, e
0

is a fortiori Abel summable to f(e??) so that f(re®) - f(e'), as r > 1—0.
We can prove this directly as follows,
A simple rearrangement shows that we have for 0 < r <1,

Fire®) = 3 apeintin = 3 {5,(0) =5, 10" = 3 s,O)rm(1—r)

= (1=1) 3 {(n-+ oy O)—no, (O}

= (1= 3 (v o O)r"

= (1= 3 (n+D{f (") +e}rm = f(e¥)+(1—7)2 3, (n+-1)e, ™,

0 1
where €, - 0 a8 n — 0. Thus if |¢,| < ¢, for n > N, we have

Fre) 1] < (1—r*{ $ lealrmte 3 (n+ 1)) < 00 -1
Thus f(re®) — fle®), as r — 1, wherever
3 ﬁ a, etnf
0

is (C, 1) summable, i.e. p.p. in §. Moreover, we have for all such values
of 6,

Fire) = (1=retd-02 3 (n 1{f(e)+,)(re¢-0)"
= f(e)+o (1—rei®-0)2 3 (n4 Lyrm
= fle®)+o (1)

853503 N
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provided that re’® — ¢, in such a manner that |1—rei®-9 = O(1—r).
This completes the proof of Lemma 6.9.

6.7.5. We next need a result of F. Riesz and M. Riesz [1].

Lemma 6.10. If f(2) is bounded and not constant in |2| < 1 and a is
a fized complex number then the set of 0 for which f(e®) = a has measure
zero, where f(e®) = lim f(rei).
r—1

‘We may suppose without loss in generality that a = 0, and that
f(re®) -0,
as r — 1, for a set of 0 of positive measure. We set

£,0) = f{(l - }t)ew},

and deduce by Egoroff’s theoremt that f,(6) — 0 uniformly as » — oo
on a set E of positive measure 8. We also suppose that |f(z)| < 1 in
|z] < 1, and that f(0) % 0, since we may achieve this by considering
f(z)/(MzP) if necessary, where M is a positive constant and p a positive
integer. Then Jensen’s formula gives for r = 1—1/n (n = 2,3,...),

27
1 A 1 .
log f(0)] < 5 | logltre®)}db < 5 [ logl fre) do
0 E

=-l;flog|fn(0)|d0—>—oo, 88 7 —> co.

This gives a contradiction which proves Lemma 6.10.
We deduce at once}

TaeorEM 6.12. If f(2) is meromorphic, non-constant and of bounded
characteristic in |z| < 1, then p.p. in 0 the limit
fle®) =limf(z) ‘
exists uniformly as z—>e® so that |e®—z|[(1—|z|) remains bounded.
Further, for any fixed a, finite or infinite, the set of 6 in (0, 27) for which
f(e®) = a has measure zero.

By Theorem 6,11 f(z) = g,(2)/ga(2), where g,(2),.g5(2) are bounded in
|z] < 1. By Lemma 6.9 we have p.p. in §

91(2) = 4(6), ga(2) = $4(6)
1 Egoroft [1], see also Titchmarsh [1, p. 339].

1 Theorems 6.12 and 6.13 are due to F. Riesz and M. Riesz [1] for bounded functions,
and to R. Nevanlinna (1, 3] in the general case.
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as z— e in |z| < 1 so that |e®?—z|/(1—|z]) remains bounded. For all
such 6 we deduce that

fy = B8, j — f(e), unless $,(6) = ¢u(6) = 0.
2

Let E(a) be the set of 8 in (0, 2) such that f(e®¥) = a. Then if § € E(c0)
we deduce that ¢y(6) = 0. Thus by Lemma 6.10 f(e®) exists and is
finite except on a set of measure zero, so that E(co) has measure zero.
By considering {f(z)—a}~! instead of f(z), we deduce that E(a) has
measure zero also for every finite a.

6.7.6. The integral representation formula. We conclude by proving
THEOREM 6.13. If f(2) is meromorphic of bounded characteristic in
|2] < 1, then

f(z) = 2P{m,(2)[my(2) }exp{ f —:ﬁj——f d (0)+i0], (6.25)

where p is an integer, m,(2), my(2) are the Blaschke products formed with
the zeros and poles of f(z), C is a real constant, and p(60) is of bounded
variation in [0,1]. If |f(2)] <1 in |2| <1, then p =0, my(z) =1, and
1(0) s monotonic decreasing.

The converse is obvious. If ;1.1(0) is decreasing then
i btz
b = g, | G ) (6.26)

is regular in |z| << 1 and has negative real part, so that if p is a non-

negative integer fi(2) = 2P (2)hy (2)

is regular and satisfies |fy(2)| <1 in |z| < 1. If (@) has bounded

variation, then u(6) = p,(0)—pq(0), where u,(8), py(f) are decreasing

functions and if k,(2), ky(2) correspond to p, (), uq(6) by (6.26) then
f1(2) = €27y (2)Iy (), fa(z) = 2Prmy(2)hy(2) -

are regular and bounded in |z| < 1, and

hH(?)
flz) = e

provided that p, = max(p, 0), p, = min(—p, 0). Thus f(z) has bounded
characteristic.
To .prove Theorem 6.13, suppose first that |f(z)] < 1, f(z) #% 0 in



180 FUNCTIONS MEROMORPHIC IN THE UNIT DISK 6.7.

|z} < 1. Then by the Poisson-Jensen formula, we have for r < p < 1

2 ) 2__y2) 4
log| f(re®?)| = 51; f IOglf(Pe“{’)lpz_zy; cog;(;_i)_‘_,.z’
0

and adding the harmonic conjugate of both sides, we deduce that

27
1 o [pEP 2 L
logf(z) = 5— | log|f(pe®)|{=p—| db+1C.
2m of (pe 2)

o34

Then log|f(re'#)| is non-positive and so u,(¢) is a decreasing function
of ¢ for each n. Also

Thus we can thract a subsequence p.np(qS) by Cantor’s diagonal process
which converges, as p — oo, to a decreasing function u(¢) for each ¢
belonging to a sequence ¢ = ¢,,, dense in (0,2#). For ¢ == ¢m, we

define p@) = inf p(dy).
Pn<¢

Then 1(¢) is decreasing in (0, 277) and so continuous except on a count-
able set ¢ = ¢,, of . Suppose that 0 < ¢ < 27 and that ¢ is not equal
to any of the points ¢,,. Then given ¢ > 0, we can choose ¢,,, ¢,
Such that ¢m < ¢ < ¢k’ .

and mP)—e < i) < p(d) < pdn) < pld)+e.

Since the functions p,,np(tﬁ) are decreasing functions of ¢, which converge
at ¢ = ¢,,, ¢y, we deduce that

wp)—e < p(dy) = hm f"’n ($r) < hm IJ‘n (#)
> lgr; :“'n,,(¢ = ;T:o f"’n, ¢m = p(dn) < p()+e

Since ¢ is arbitrary we deduce that , (¢) = 11(¢), as p - oo, and that
this holds outside a countable set of ¢, consisting of the points of dis-
continuity of the decreasing function pu(¢). Setting p, = (1—1/n,) we
have

21
‘ 1
logfe) = 5 [ (Lot
0

We write
d¢ (0 < ¢ < 27).

é
Mw——fm

e ¢~{-z
e —2)

dpy ($)+1C

2ppetdd

. om
= i 2yt (o205 | 1in,(9) 2
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For fixed z the integrand p,, (¢)2p, €/(pp €¢—2)?is uniformly bounded,
provided that p, > %(14-|2|), and tends to the limit
1($)2¢% (e —2)?
as p - oo, p.p. in ¢.
Also p,, (27) = —log|f(0)| = constant = p(2x). Thus by Lebesgue’s
convergence theorem (Titchmarsh [1, p. 345]) we deduce that

b
log(z) = p(2m}(1+2)/(1—2}-+iC+ 2= [ w(g) T—2e _dd

F eid
f O du(@)+ic,

where the right-hand side is a Riemann-Stieltjes integral and the inte-
gration by parts is justified since u(4) is decreasing and (e*¢+2z)/(e¢—z)
continuous. This yields our theorem when |f(z)| << 1, f(z) # 0.

In the general case we use Lemma 6.7 and Theorem 6.10. They
show that (2) haf2)

f6) = 2

where %,(2), hy(z) are bounded and not zero. Thus by what we have
just shown

h(z)—exp{ﬂ J jasz? ,-(4»)} (j=12)

et—z
0

where p;(¢) is a decreasing function of ¢, and we deduce (6.25). If
|f(2) < 1, f(2) has no poles in |z| < 1, so that m,(z) = 1. Further,

() = 1—[ l—z z Iz H Pu?),  say.
Here K may be finite or infinite. If N is finite and N < K we see that
N
I(e) =f@)= 1 pale)

is regular in |z| < 1, and if 7 is sufficiently near 1 we have
Ifx@)] <1de (Jz] =7).
Thus by the maximum-modulus theorem
_ Ifx@)] < 14e (2] <7),
and hence we deduce that
Ifv@I <1 (2] <1)
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Since this is true for every finite N << K, we deduce that
K
4a)| = |7 TL a0 <1,

and A(z) # 0 in |2| < 1. Thus we may apply the above analysis to A(z)
and deduce (6.26) with a decreasing function u(6). This completes the
proof of Theorem 6.13.

We note as a special case the representation (6.26) for any function
hy(z) having negative real part in terms of a decreasing function y,(6).
To obtain this we apply Theorem 6.13 to f(z) = e™®,

Example (i). If II(2) is a Blaschke product, prove that

2m
J. log|II(re®)| d§ — 0, asr— 1.
¢

(Use Jensen’s formula.) Deduce that |II(ei)| = 1, p.p. in 6.
Example (ii). If k,(z) is given by (6.26), where y,(f) has bounded
variation, then Rhy () = 1(6)

whenever both sides exist. Deduce that in Theorem 6.12 |f(ef)| = 1
p.p. in 6 if and only if '(6) = 0 p.p. in 8 in (6.25) (Seidel [1]).



APPENDIX

THE following are some of the advances which have been made in the
general area of this book since the first edition appeared.

In connection with Theorems 1.5 and 5.5, while the general relation
between n(r, @), the number or roots of the equation f(z) = a in |2| < r,
and n(r) the maximum number of such roots for varying a, is still not
very well known, some results have been recently obtained by Miles.

He has shown the existence of a function for which

- n(r, 0)

}Eﬂ 8(r)
He also showed in the same paper that whenr lies outside an exceptional
set E of small logarithmic density

3 n(r,a) < @FAAF) (r > o).

y=1

Here E is independent of ¢ and A is an absolute constant.
This result illustrates Ahlfors’s Theorem 5.5. While Theorem 5.5

yields a lower bound for én(r, a,), in terms of 8(r), Miles’s theorem

yields an upper bound for this number at least for a sequence of . The
corresponding relation between N(r,a) and 7T'(r) is much simpler since
N(r,a) < T(r)+0(1) by the first fundamental theorem.

Perhaps the most exciting result relevant to Chapter 1 that has
appeared in recent years is the proof by Govorov for entire functions and
Petrenko for meromorphic functions of Paley’s conjecture referred to
on p. 19. They proved in fact that for any function of lower order %

lim log M(r,f)
The result has an obvious analogue for subharmonic functions in space
and this also has recently been proved by Dahlberg.

In connection with Chapter 2 it is perhaps worth mentioning that the
exceptional set E referred to in Theorem 2.3 can actually exist. Ahlfors
[2] had proved that if @ lies outside a plane set F of capacity zero then

N(r,a) ~ T(r) (1)

as r -oo. In the opposite direction I showed recently [a] that if F is

< wk.
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any F,set of capacity zero then there exists an entire function f of infinite
order and a sequence r, tending to infinity with v such that for a € F
N(r,,a) = ofT(r,, )}

as v - oo for fixed a. By choosing ¢ > 3 distinct values of @ in F we see
that the quantity S(r) in Theorem 2.1 cannot be small as r — co through
the sequence r,. For functions of finite order Hyllengren has charac-
terized very precisely the exceptional sets F such that (1) holds outside F.
It turns out that such sets can be uncountable but must be metrically
much smaller even than general sets of capacity zero.

In connection with Theorem 2.5, for regular functions f(z) C. T. Chuang
[1] has extended this result to the case of ¢ > 3 exceptional functions
a,(z), but the problem of a complete analogue of Theorem 2.1 with
small functions a,(z) rather than constants a, remains open when f(2) is
meromorphic. '

In connection with Theorem 2.7, Baker has shown that every poly-
nomial of degree greater than one has fix-points of every exact order
greater than 2. The corresponding problem for transcendental functions
remains open.

Clunie [b] has published his example referred to at the end of Chapter 2.

Mues [a] has shown that the inequality of Theorem 3.4 is sharp for
every ! with equality for the solutions of a certain Riccati equation.
However, the corresponding inequality for the deficiencies can be
sharpened and Mues [a] conjectures that the correct bound is one for
1>1. .

Mues [b] has also shown that if f(z) is meromorphic and of finite order
and ff” # 0 then the conclusion of Theorem 3.7 holds, thus sharpening
the earlier result of mine referred to on p. 67.

It is also worth mentioning that if f is an entire function then
Clunie [a] proved that f'f assumes every finite value except possibly
zero. The corresponding result for f'f' when I > 2 had earlier been
proved by me [5].

Important progress has been made in connection with the results of
Chapter 4. Thus Drasin has constructed a meromorphic function with
arbitrarily slow growth subject to having infinite lower order and having
completely arbitrary deficiencies provided that Y 8(a,f) <2, and

a

0 < 3(a,f) < 1. This is the analogue of Theorem 4.1 for meromorphic
functions and settles the famous inversion problem about 50 years after
Nevanlinna discovered his theory. In connection with Theorem 4.2,
Weitsman [b] has shown that > 3(a, f)t converges for functions of finite
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lower order. The example of Theorem 4.4 shows that this result is best
possible. A minor open question concerns a bound for ¥ §(a,f)t in
terms of the lower order A. Weitsman’s method just fails to give this.
His bound for the above sum depends on the largest deficiency (a,, f)
as well as A.

In connection with Theorem 4.5 a better lower bound for k(A) than that
of Edrei and Fuchs referred to on p. 104 was recently obtained by
Miles and Shea. Further I [b] obtained recently some results on the
relation between the characteristics of f* and f going beyond those
referred to at the bottom of p. 104. )

Weitsman [a] has shown that if f(z) is a meromorphic function of
finite lower order, the sum of whose deficiencies is two, then the number
of deficient values does not exceed twice the order. The intriguing ques-
tion of whether the order must be half an integer in this case (referred
to on p. 105) remains open. Further Drasin and Weitsman have recently
constructed some examples which are conjectured to yield the extreme
sum of the deficiencies for meromorphic functions of any preassigned
order. _

The analogue of Theorem 4.13 for meromorphic functions of order less
than one has recently been proved by Edrei, using an important new
technique introduced by Baernstein. Baernstein’s function 7'*(r,0)
was used to prove Edrei’s spread conjecture and from this Edrei was
able to deduce his result. Baernstein’s technique has had other function-
theoretic applications and seems likely to become increasingly important
in the future.

Finally Arakelyan has constructed an integral function of any order
p > } with deficiencies at a preassigned sequence of points a,, thus
solving the question raised in the middle of p. 124. The corresponding
deficiencies turn out to be extremely small and Arakelyan has con-

jectured that
2 {log(1/8(an, £} < o0
in this case. -
In connection with Chapters 5 and 6 there has been less work, apart

from the results of Miles mentioned above.
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